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Abstract

Microbubble (MB) tracking plays an important role in Super-Resolution Ultrasound Imag-
ing (SRUI) as it reconstructs vascular networks and flow dynamics down to the capillary level,
beyond the resolution of conventional ultrasound. Observing blood vessels at this scale can aid
clinical intervention and the monitoring of treatment of tumours and other diseases. Reliable
MB detection and tracking is essential for vascular flow mapping but remains challenging under
noisy or high density conditions. This dissertation focused on the development and evaluation
of a Kalman filter-based MB tracking algorithm for SRUI, using a synthetic dataset with ground
truth annotations. The tracking pipeline combined Kalman motion modelling, distance-based
linking, link rejection criteria, and track post-processing, with each being refined through tar-
geted experiments. Development was guided by quantitative tracking metrics, where each stage
was iteratively optimised for performance. Results demonstrated that the Kalman-based tracker
outperformed simpler baseline methods, with post-processing strategies improving performance
while linking stage rejections had limited effect. The method reconstructed a greater number
of shorter tracks than present in the ground truth, and was more effective at capturing slower
moving MBs. Tracking performance declined with reduced localisation quality, highlighting the
dependence on accurate detections. These findings demonstrate the value of motion modelling
for reconstructing vascular flow dynamics and support the broader goals of SRUI.
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1 Introduction

Ultrasound (US) imaging is widely used in clinical practice due to its affordability, real-time
capability, and lack of radiation. The spatial resolution of US, as with other imaging modalities,
is limited by diffraction to the scale of its wavelength [9]. However, microvascular structure
and the associated flow dynamics are important diagnostic indicators [14], and are not captured
at this limited resolution [22]. The formation of new blood vessels in an existing vascular
network can be an important predictor in the growth and metastasis of tumours [7]. With early
detection, US can provide a non-invasive means of early clinical intervention and the monitoring
of treatment for such diseases [46].

Conventional US imaging can be made sensitive to the previously unseen microvascular
structure through the introduction of contrast agents [10]. This process is known as Contrast-
Enhanced Ultrasound (CEUS), and it aims to achieve a resolution greater than the limit of
diffraction, literally named super-resolution. CEUS scans are well established, so extending
them into practical diagnostic applications is a possibility [9]. Clinically approved Microbubble
(MB) contrast agents are administered intravenously for the CEUS process. MBs are small,
typically 3 µm in diameter, gas filled bubbles which vibrate strongly at US imaging frequencies.
These nonlinear oscillations generate make the MBs significantly more reflective than normal
body tissues [3]. Their small size allows MBs to traverse into the entire vascular bed [27],
including the microvascular structure. This results in a high contrast-to-tissue ratio and enables
visualisation of the entire vascular structure. Importantly, MBs can be detected deep within the
body making them advantageous as a contrast agent [9].

Despite the advantages of CEUS, it alone can not directly resolve the microvascular structure,
as it remains constrained by the diffraction limit. Super-Resolution Ultrasound Imaging (SRUI)
refers to a class of techniques that surpass the diffraction limit, of which Ultrasound Localisation
Microscopy (ULM) introduced by Errico et al. [16], is one. ULM achieves sub-diffraction imag-
ing by localising MBs over many CEUS frames and reconstructing vascular maps from their
accumulated positions [13]. MBs act as point sources where each appears as a blurred spot
corresponding to the Point Spread Function (PSF) of the imaging system, and localisation aims
to estimate the centroid of the MB with sub-wavelength accuracy [8, 16]. This is a challenging
task in practice, particularly in dense MB fields or when noise levels are high, where overlapping
or ambiguous PSFs may occur. There exists a trade-off in imaging, where slower acquisition
rates could require higher concentration of MBs to maintain sufficient detections per frame, but
can complicate the localisation process. The general workflow of ULM is to acquire a sequence
of CEUS frames, suppress the tissue background to isolate the MB signal, localise individual
MBs, and accumulate these centroid positions across frames to form a high-resolution vascular
image [9].

Beyond reconstructing the structure of vascular networks, ULM can also include techniques
to gain information on MB speed, direction, and more. By linking localised MB across con-
secutive frames, trajectories can be established that reflect blood flow within the underlying
vasculature. This task, known as tracking, is an example of a multiple-particle tracking problem
[17, 39], in which a large number of particles (i.e. MBs) must be correctly identified and followed
through time. With so many particles to detect over many frames, manual annotation of images
is not feasible and robust computational algorithms are required to perform localisation and
tracking reliably. The SRUI steps utilised in this dissertation is presented in Figure 1, where
synthetic CEUS images undergo localisation and tracking before being compared to the Ground
Truth (GT). Reconstruction maps are created to visualise the flow and direction of MBs.

Through the use of SRUI, the generation of microvascular flow maps with high spatial and
temporal resolution could improve the diagnostic potential in clinical practice. The techniques
behind ULM have been applied in the preclinical imaging of tumours [31, 37] and lymph nodes
[49] for example, and demonstrated in humans in the breast [12, 37], brain [11], and liver [23]
among others.

The primary aim of this dissertation is to develop, implement, and evaluate a Kalman Filter-
based MB tracking algorithm as part of a SRUI pipeline. This work will take inspiration of simi-
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lar methods [43, 44], and build upon the exploration of motion-model based tracking methods to
improve robustness and accuracy in MB trajectory reconstruction. A synthetic data approach
which draws from existing real-life data enables the testing and assessment of tracking algo-
rithms. These synthetic datasets provide GT annotations for both the localisation and tracking
processes, allowing for quantitative comparison. By systematically increasing the amount of
noise to GT data, thus creating datasets with varying levels of localisation quality, the tracking
performance of our proposed method can be evaluated, assessing robustness. The performance
of the Kalman filter-based approach is to be compared against baseline tracking methods.

The findings of this work aim to provide insight into the role of motion modelling in MB
tracking and informing the design of more reliable SRUI pipelines. Ultimately, this may sup-
port the development of clinically viable CEUS-based imaging systems capable of visualising
microvascular structure and flow dynamics.

All processing was completed on a Windows 11 laptop equipped with 16 GB RAM, an
Intel Core i7-10710U CPU @ 1.10GHz (Intel, Santa Clara, California, USA). All procedures
were implemented in MATLAB R2025a (MathWorks, Natick, Massachusetts, USA), utilising
the Image Processing and Sensor Fusion and Tracking Toolboxes.

The remainder of this paper is structured as follows. Section 2 presents the background
necessary for this work, beginning with an overview of localisation and tracking and the existing
methods. Section 3 introduces the synthetic dataset used in this dissertation. The localisation
pipeline used is detailed in Section 4, while Section 5 outlines the proposed tracking pipeline.
Section 6 presents the efforts of developing the tracking pipeline and the performance of the
proposed method in comparison to baseline tracking methods across various localisation inputs.
Finally, Section 7 summarises the findings and ideas for potential future work are explored.

Synthetic Data Microbubble
Localisation

Microbubble
Tracking

Evaluation Against
Ground Truth

Visualisation and
Interpretation

(Vessel Structure,
Flow Speed, etc.)

Figure 1: Overview of the Super-Resolution Ultrasound Imaging (SRUI) pipeline implemented
in this dissertation.

2



2 Background

This background section introduces key stages of SRUI, localisation and tracking, and a brief
introduction to Kalman filters and their application in MB tracking.

2.1 Microbubble Localisation Methods

Localisation is the first processing step in the SRUI pipeline, as displayed in Figure 1, with the
aim of accurately identifying the spatial positions of MB in each frame of a CEUS sequence.
Localisation methods in SRUI aim to surpass the diffraction resolution limit by estimating the
centroid positions of individual MBs with sub-wavelength accuracies.

The localised positions, also known as detections, serve as the input of the subsequent track-
ing step. Therefore, errors in the localisation process, whether that be missed detections, incor-
rect positions, or incorrectly identifying noise as a MB, directly impacts the quality of recon-
structed tracks and the final super-resolution images. Precise localisation is therefore essential
to the success of the entire SRUI process.

In the frames, each MB appears as a blurred shape, which can be represented as a PSF.
The PSF describes how a single point (i.e. MB) is represented in the image due to the system’s
resolution limits. In general, localisation methods aim to estimate the true centre of each MB
by fitting or analysing its PSF. The localisation process contains many challenges in practice.
High-density MB fields, excessive noise, and overlapping PSFs can all contribute to limiting
the quality of MB detection and fitting. An example of a single frame is shown in Figure 4,
which displays a synthetic frame from the ULTRA-SR challenge dataset (see Section 3). The
variability of signal intensity which represent the MB positions are evident among the noisy
background in the frame. As such, localisation methods are typically preceded by a series of
processing steps to isolate MBs from the noise. This highlights the need for robust localisation
algorithms that can perform under a range of imaging conditions, where the true positions of
MBs are not immediately evident.

Several strategies have been proposed for MB localisation, of which a selection are reviewed
here. Centroiding is one of the simplest approaches, where MBs are localised by the intensity
weighted centre of mass of their isolated PSFs [8]. Gaussian fitting is another widely used
alternative, where a two-dimensional Gaussian function is fitted to isolated PSFs and the peak
is used to localise the MB [21]. The normalised cross-correlation method compares the observed
signal with a template PSF, generating a correlation map where the peaks are the centre of
MBs [41]. Other approaches, such as interpolation, deep learning, and sparsity-based methods
[45, 48], have also been explored. In this dissertation, the primary focus is on evaluating MB
tracking, therefore a centroid-based approach is implemented and is described in Section 4 and
Appendix A.

2.2 Microbubble Tracking Algorithms

The purpose of tracking in SRUI is to link individual MB detections obtained in the localisa-
tion process across consecutive frames to form continuous trajectories, or tracks. These tracks
represent the motion of individual MBs through the vascular structure and are fundamental in
reconstructing flow maps and estimating velocities.

At the core of tracking algorithms is a frame-to-frame pairing, or linking, process, which
attempts to match MBs detected in one frame to the next. Repeating this process over many
frames produces full-length tracks for each MB, capturing their dynamics over time. Figure 2
demonstrates how tracking is inherently an ambiguous task. Each panel shows the same set of
MBs detected across four consecutive frames, represented by the filled circles. Despite having
the same input detections, many plausible tracking outcomes are possible. Two such results are
shown, each having a distinct way of linking detections across frames. Additionally, it is shown
how some tracks may begin or end in any given frame, highlighting how MBs can enter or leave
the field-of-view, and how not all MBs are linked in the process. These factors contribute to the
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complexity of the task and underline the need for robust tracking algorithms which are capable
of reconstructing the true tracks.

1
2

3
4t

t

1
2

3
4t

t

Figure 2: Visualisation of two different tracking possibilities applied to the same set of detected
MBs across four consecutive frames. The filled circles mark the positions of detected MBs and
dashed lines represent the tracks. Each diagram demonstrates a distinct way of linking the same
detections over time, highlighting the ambiguity in the tracking process. Figure inspired by [37].

Tracking performance is highly sensitive to the the quality of the detected localisations.
Errors or missing detections propagate directly into the tracking results, as they can lead to
incorrect links, broken tracks, or false trajectories. In high-density scenarios, where many MBs
are in close physical proximity of each other, it becomes additionally challenging to reliably form
the correct links across frames. Additional complications come from the presence of regions with
varying blood flow velocities. Recall that MBs are an indirect method to visualise the vascular
structure, and there will be vessels of different physical characteristics. Adjacent vessels could
have significantly different speeds and directions. A robust tracking algorithm should be able
to reject potential links which violate the physical reality of the problem.

While Figure 2 presents a small number of detections per frame, the problem is typically
much more complex than that example. Using synthetic data (further detailed in Section 3),
Figure 3 illustrates ground truth linking between MBs in two consecutive frames, shown for a
zoomed-in region of the field of view. It is clear that this linking process is not straightforward.
In panel (a) we observe a mix of dense clusters of MBs along with some in isolation. If one
were to assign the links based on the closest MB between detections across frames, there would
be many incorrect links. Panel (b) demonstrates how there is a great variety in the directions
and lengths of the links, with longer links indicating faster moving MBs between frames. In the
dense sections the linking becomes even more ambiguous, where links are close to each other
and may appear to cross. Further, in the top of panel (b) we can see MBs that do not have a
true link to the next frame, indicating that track has ended, and adding complexity to the task.
Similarly not all detections in frame k + 1 will have link to the previous frame. Lastly, some
MBs align in paths, which demonstrates the presence of the underlying vascular structure.

A wide range of methods have been developed for MB tracking, of which a selection are
discussed here. At the core of most tracking algorithms lies an assumption that MBs move
continuously and are therefore expected to be close to their previous position. A basic approach
to MB tracking is the Nearest Neighbour (NN) method, where each detection in the current frame
is linked to the closest detection in the following frame [18, 33]. This method is computationally
efficient and is known to perform well in sparse MB fields [27]. However, in high MB density
scenarios where trajectories cross or PSFs are overlapping it is known to be prone to errors
[37]. To remedy these shortcomings, several extensions have been proposed with the objective
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Figure 3: Ground truth MB linking example in a zoomed-in region of two consecutive frames
from the ULTRA-SR dataset. (a) shows the MB positions and (b) includes the true links between
MBs illustrating motion across frames.

to apply restrictions and constraints such that the links created with the Nearest Neighbour
(NN) algorithm are more realistic. Examples of this include rejecting backwards motion or the
incorporation of velocity-based constraints, each showing an improvement over the baseline NN
implementation [5, 34].

Beyond a NN-based approach, other approaches have been used to perform the matching
of detections across frames. The Hungarian algorithm [28] finds the globally optimal set of
pairings between frames based on minimising the distance between pairs and has been used in
SRUI [29, 43]. Similarly, bipartite graph-based pairing methods have been explored [41, 44].
These methods come at the expense of higher computational cost when compared to a NN
approach.

Markov Chain Monte Carlo (MCMC) methods have also been applied to MB tracking [1, 36].
These take a probabilistic approach, where from localisations a set of possible tracks between
detections are defined according predetermined rules (such as, start new track, extend track,
split track, etc.). A posterior distribution of possible tracks are explored using MCMC sampling
and the most likely set of tracks are selected. This allows for the modelling of uncertainty but
at the expense of higher computational requirements.

The multiple hypothesis tracking (MHT) algorithm [38] is a popular data association tech-
nique [2] and has been applied towards SRUI [40]. The key idea in MHT is to produce potential
hypotheses of links from a given detection. The likelihood of each potential link is calculated
upon receiving new measurements and the most likely track is selected.

2.3 Kalman Filters

The Kalman filter was introduced by Rudolf E. Kalman in 1960 as an estimator of a dynamic
system’s state in the presence of noise [26]. It has since been found widespread use in control
engineering, the aerospace industry, navigation systems, and signal processing [20], where its
ability to provide real-time state estimation from noisy data and simplicity makes it a powerful
tool. The key objective of the Kalman filter is to obtain the best estimate of a system’s true
(but hidden) state by optimally combining a dynamic motion model with uncertain and noisy
measurements.
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The Kalman filter operates in two stages that are repeated sequentially: The prediction stage
and the update stage. In the prediction stage, a motion model estimates a system state’s future
state based on its previous history. This estimated state is accompanied by a measure of its
uncertainty. Given a measurement of the system, the update stage refines the estimated state by
optimally combining it with the observation with consideration of their respective uncertainties.
The result is an improved state estimate and an updated measure of uncertainty. In its simplest
form, the Kalman filter assumes linear dynamics, but non-linear extensions have been presented
in the extended Kalman filter [47], and the unscented Kalman filter [25], for example. Many
further extensions of have since been developed. The Kalman filter model and its implementation
for the purpose of this dissertation are described in Section 5.4.

As previously mentioned, localisations are noisy, potentially ambiguous, and imperfect.
Kalman filters address these issues by exploiting motion history to smooth trajectories, rejecting
implausible track formations, and has the ability to fill in for missing detections. Kalman filter-
ing was first applied to MB tracking in US imaging by Ackermann and Schmitz [1] and Solomon
et al. [40], where it was used as just one component of a larger tracking pipeline. Tang et al.
applied Kalman filters as a post-processing step to refine the output of other tracking methods
and improve accuracy [44]. Taghavi et al. used Kalman filtering to predict future MB positions
and link them to detections in subsequent frames [43]. The latter approach forms the basis of
the method developed in this dissertation and is described in Section 5.
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3 Synthetic Data

The development and evaluation of MB localisation and tracking algorithms for SRUI require
datasets with known ground truth. While the ultimate goal of SRUI is to apply these techniques
to in vivo data, such data lack a ground truth making quantitative assessment challenging.
Synthetic datasets provide a controlled environment in which parameters such as MB density,
motion, frame rate, and noise can be varied systematically. This provides the capability to per-
form reliable and robust benchmarking of different algorithms. Further, synthetic datasets could
allow for the exploration of algorithm behaviour in edge-case scenarios, and support repeatable
comparisons across different studies.

In this section we describe the synthetic datas used for development and assessment in this
dissertation, the ULTRA-SR challenge dataset. For completeness, we also note that a very sparse
secondary dataset, containing only one or two MBs per frame, was used in the development to
verify basic algorithm functionality before progressing to the more challenging ULTRA-SR data.

3.1 ULTRA-SR Challenge Dataset

The data used in this dissertation was sourced from the Ultrasound Localization and TRacking
Algorithms for Super-Resolution (ULTRA-SR) challenge, an initiative to evaluate and bench-
mark current MB localisation and tracking methods. Challenge organisers provided synthetic
datasets at varying ultrasound frequencies, defined evaluation metrics for both the localisation
and tracking processes, and issued an open call for algorithm submissions. Further, the submit-
ted algorithms were tested on in-vivo datasets. Full results and methodology of the challenge
are presented in the accompanying post-competition paper [29].

This dissertation focuses on the high-frequency synthetic dataset, labelled net 003 or High
Freq, and is one of the datasets used for the challenge’s evaluation. For clarity, this dataset will
simply be referred to as the ULTRA-SR challenge dataset, and its accompanied ground truth
annotations as the GT dataset. The data was selected at the recommendation of our supervisor
as it contains a MB density higher than one would typically see, making it an interesting and
challenging test case for the development and evaluation of SRUI pipelines. The dataset was
generated using the BUbble Flow Field (BUFF) simulation framework [30], which randomly
generates vascular trees and flowing MBs. The resulting data satisfy Poiseuille’s law (via a
Hagen-Poisuille flow model), creates a 3D vascular tree generator, and US signal simulator with
non-linear dynamics. The data is available at https://www.ultra-sr.com.

A summary of the synthetic dataset’s simulation parameters is provided in Table 1. The
dataset is comprised of 500 synthetic B-mode US frames of size 512 × 512 pixels. Each image
represents a 2D slice through a 3D simulated vascular network. The physical field-of-view (image
limits) spans 20 mm in both width and depth. The acquisition frame rate fr is 50 Hz, and all
spatial coordinates are expressed in SI units. For simplicity in processing, the spatial coordinates
are converted to pixels using the parameters in Table 1, and are considered temporally by frame.

Each frame includes approximately 550 MBs, which appear as bright, blurry, bubble-like
features against a noisy background. MBs move according to physiologically realistic flow ve-
locities, according to the BUFF simulation framework, and may enter or exit the imaging plane
over time. This means that we expect MBs to not persist across all frames in the dataset. An
example frame, shown in Figure 4, illustrates the visual appearance of the data with and without
MB position overlays. This figure demonstrates how the MBs are difficult to distinguish from
the noisy background. Table 2 further summarises key dataset statistics, including total MB
count, mean MB density, and track length distributions.

GT data is provided as a plain text file, where each row represents a localisation event in
the format: [frame number, MB ID, x, y, z]. Since the image data is 2D, only the x and
z coordinates are used, representing the width and depth dimensions respectively. Each MB
retains the same ID across all frames in which it appears, allowing its positions over time to be
collected into a track. These trajectories can then be analysed to compute velocities, direction
of motion, and other flow characteristics.
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Simulation Settings

Dataset ID GT
Number of frames 500
Dimensionality 2D + time
Image size (pixels) 512× 512
Frame rate (Hz) 50
Signal-to-noise ratio (dB) 19
Sampling Frequency (MHz) 80
Transmitted frequency (MHz) 7.24

Field of View

Pixel size (mm/pixel) 0.3914
Width range (mm) [−10, 10]
Depth range (mm) [10, 30]

Table 1: Summary of imaging and simulation parameters of the ULTRA-SR synthetic
dataset [29].

Dataset Info
Dataset ID GT

Microbubble Statistics
Total number of MBs 275,163
Mean number of MBs per frame 550.33
Mean MB density 137.58 MB/cm2

Track Statistics
Number of tracks 7,802
Mean track length 35.27 frames
Minimum track length 1 frame
Maximum track length 500 frames

Table 2: Summary of MB and track statistics for the ULTRA-SR ground truth dataset.
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Figure 4: Example frame (frame 1) from the ULTRA-SR synthetic dataset, with and without
true locations of MBs overlaid. This frame is representative of the characteristics across the
dataset and highlights the difficulty of determining MB positions from the noisy background.
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4 Localisation

The goal of the localisation stage is to detect and accurately estimate the positions of individual
MBs within each US frame. Reliable localisation is essential for establishing links between detec-
tions across frames and consequently for reconstructing vascular maps and estimating blood flow
dynamics. In addition to the position, the localisation process also determines signal intensity
and size for the MBs.

Each detection represents a discrete sampling of the vascular structure and flow. Missed
detections therefore lead to information loss and can reduce the quality of estimation of flow.
Conversely, incorrect detections can lead to misrepresentations of the true structure. Localisation
is a non-trivial task due to several practical challenges: MBs can appear faint or obscured within
a noisy background and they may also overlap each other in regions of high cluster density,
making it difficult to distinguish individual bubbles. Figure 4 demonstrates how background
noise complicates the determination of MB position.

4.1 Localisation Pipeline

The localisation process implemented in this dissertation follows the pipeline illustrated in Fig-
ure 5. The first stage applies a series of pre-processing steps designed surpress background noise
isolate the MB signals. Following this, PSFs of candidate MB are localised using an intensity-
weighted centre of mass calculation. Lastly, detections are filtered using tuned size and intensity
thresholds to discard candidates that do not meet the selection criteria.

All methods presented in the pipeline follow the procedure described by Kanoulas et al. [27].
The output is a set of MB positions for each frame. Localised MBs are assigned arbitrary IDs
at this stage, which are independent of their corresponding IDs in the GT.

Uniform Smoothing

Output:
List of detected MB

positions

Input:
Raw image

Brightness Adjustment

Haar-Like Feature Filtering

Particle Probability Image

Coarse Classification

Particle Region Refinement

Watershed

Output:
Map of probable

MB regions

Intensity Weighted Centre of
Mass

Pre-processing Localisation

Threshold Filters

Post-processing

Figure 5: Data processing pipeline for MB localisation. Pre-processing steps transform raw
ultrasound images to isolate and determine the positions of MBs from the background and
noise.

As the primary focus of this dissertation is the development and evaluation of a tracking
algorithm, implementation notes of the localisation pipeline are provided in Appendix A. Table 3
summarises a selection of tuned localisation parameters used, the minimum and maximum MB
area (in pixels), and the minimum average pixel intensity of a MB to be distinguished from the
background. These values were optimised empirically using the ULTRA-SR synthetic dataset
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by iteratively adjusting parameters until no further improvement was observed to the evaluation
metrics described in Section 4.2.

Parameter Value

Minimum particle size 20 (pixels)
Maximum particle size 400 (pixels)
Intensity threshold 60 (grayscale units, [0-255])

Table 3: Subset of optimised parameters (LOC-OPT) used during the image pre-processing and
MB localisation stages.

4.2 Localisation Evaluation Metrics

The objective of localisation evaluation is to define quantitative metrics to compare MB local-
isations with GT data when they are available. These metrics present the fractions of correct
detections and the estimated error. We follow the methodology presented by Lerendegui et
al. [30] in the ULTRA-SR challenge. Since detected MBs are assigned arbitrary identifiers in the
localisation process, a naive direct comparison to the ground truth MB ID is not meaningful.
Instead performance is assessed spatially, where localisations are matched to GT MBs based on
proximity using a defined search radius. The search radius is defined as being half of the trans-
mitted wavelength since the spatial resolution of ultrasound systems is limited by diffraction.
We therefore define the search radius as λ/2 and centred around a ground truth MB, where the
transmitted wavelength λ is given by:

λ =
csoft tissue

ftransmitted
, (4.1)

where ftransmitted = 7.24 MHz [29] and csoft tissue = 1540 m/s [32] is the standard approximation
of speed of sound through soft tissue [42]. This yields

λ

2
=

1

2

1540 m/s

7.24× 106 Hz
≈ 1.06× 10−4 m. (4.2)

Using the spatial resolution defined in Table 1, this corresponds to approximately 2.72 pixels.
This search radius can be considered the uncertainty in evaluating localisation accuracy.

To perform this spatial matching, we use MATLAB’s matchpairs.m function, which solves a
bipartite assignment problem to find an optimal pairing between localisations and ground truth
positions. This method is described in more detail in Section 5.5.1, where its use in the tracking
process is explained.

A detection is considered a True Positive (TP) if a localisation lies within the radius of a
ground truth MB position. A False Positive (FP) is a detected MB which is not matched to
any ground truth MB. Lastly, a False Negative (FN) is a ground truth MB without a matched
detection. From these definitions, we compute the following metrics:

Precision =
TP

TP + FP
, (4.3)

Recall =
TP

TP + FN
, (4.4)

AED =

∑
i∈TP ||Bi − Li||

NTP
,

where ||Bi − Li|| is the Euclidean distance between paired TP MBs with ground truth position
Bi and localisation position Li, and NTP is the number of TPs. Precision and recall inform on
the quality and completeness of localisation, where the Average Euclidean Distance (AED) is a
measure of spatial accuracy. Simply put, a localisation is considered better with higher precision
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and recall and lower AED. These metrics provide a framework to assess localisation performance
under synthetic and experimental conditions where ground truth positions are known. Of course,
for in vivo data where ground truth is unknown, these metrics do not apply.

4.3 Localisation Results

Based on the evaluation metrics detailed in the previous section, an iterative testing of different
thresholding, filtering, and fitting configurations were applied in the localisation pipeline to
optimise performance. The output MB positions (detections) were compared against the GT,
and the resulting metrics were examined to select a configuration that offered the most balanced
performance. The optimised parameters are summarised in Table 3.

In practice, a trade-off appeared where parameters that yielded high precision came at the
cost of low recall (missing many true detections) and conversely maximising recall led to low
precision (more FPs detections). Table 4 summarises the metrics from a selection of trials
during the optimisation process. LOC-2 and LOC-3 demonstrate the extremes of prioritising
precision or recall, whereas LOC-4 demonstrates a more balanced outcome. The final optimised
configuration, LOC-OPT, achieved a high precision with a modest decrease in recall, favouring
reliable detections even if some true MBs were missed.

Localisation Metric
Result ID Precision (%) Recall (%) AED (mm)

LOC-OPT 79.17 54.89 0.0443
LOC-2 88.95 49.77 0.0423
LOC-3 47.75 62.65 0.0441
LOC-4 62.89 61.18 0.0439

Table 4: Localisation evaluation metrics for the optimised parameter set (LOC-OPT) compared
with selected alternative configurations (LOC-2 to LOC-4), illustrating the trade-off between
precision and recall. AED is the Average Euclidean Distance between detections and ground
truth.

Figure 6 shows a zoomed-in region of an example frame comparing the GT position and es-
timated localisations for the optimised parameters. The figure highlights the typical localisation
performance, with some detected MBs falling in or outside of the search radius as was defined in
(4.2). This image demonstrates the difficulty of the localisation problem, where the FNs (missed
GT positions) are sometimes indistinguishable from the background noise.

Despite the tuning efforts, the final performance fell short of the empirical target set by
our advisor, who noted precision and recall localisation metrics below 80% is generally not
suitable for reliable MB tracking. Since the focus of this dissertation is the implementation of
tracking algorithms, this limitation increased motivation for the creation of simulated localisation
results. This process adds a controlled level of noise to the GT position data to achieve a desired
localisation metrics, as described in the following section.

4.4 Simulated Localisation Datasets

To evaluate the performance of the tracking algorithm independently of the localisation process,
we generated a series of simulated localisation results based on the actual GT positions from the
ULTRA-SR challenge dataset. These datasets were created to mimic realistic localisation imper-
fections, allowing the testing of tracking robustness under controlled degradation of localisation
quality.

Each variant of the GT position data was created through three modifications. For each
frame, 2D Gaussian noise was added to the (x, z) positions of each MB. This noise was added
with standard deviation σ and was represented as a fraction of the transmitted wavelength λ as
was defined in (4.1). Next, random drop out of MBs was applied, where 2.5% of the MBs in each
frame are removed to simulate missed detections (FN). Lastly, 2.5% of the number of MB in the
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frame were added at random positions to simulate FP detections. The simulated localisations
were then evaluated against the GT dataset using the metrics described in Section 4.2. Table 5
summarises the parameter used to create each dataset variant and the corresponding localisation
evaluation metrics.

Dataset ID Parameter Localisation Metric
Noise σ (mm) Precision (%) Recall (%) AED (mm)

SL-95 0.0372 94.97 94.91 0.0447
SL-90 0.0447 89.80 89.75 0.0504
SL-85 0.0500 84.77 84.72 0.0531
SL-80 0.0542 80.19 80.15 0.0552
SL-75 0.0590 75.13 75.08 0.0569
SL-70 0.0638 69.91 69.86 0.0581

Table 5: Simulated localisation dataset variants used to evaluate tracking performance. Noise
represents standard deviation of added Gaussian noise.

The datasets are listed from SL-95 to SL-70 to represent their localisation quality via their
precision and recall metrics, ranging from approximately 95% to 70% respectively. The drop
and add rates in each dataset is fixed at 2.5% such that the total number of events in each
dataset remains roughly the same. Further, since the drop and rates are the same, within each
dataset the precision and recall are nearly identical. This is not necessarily an outcome that
is observed in actual localisation results, as seen in Table 4. The original GT dataset contains
275,163 detections across 500 frames, while each variant contains 274,996 detections due to
small rounding effects during processing. This framework provides a systematic analysis of how
tracking performance is impacted by varying levels of localisation quality.
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(a) Localisation results showing ground truth positions (dots)
and detected localisations (crosses). Blue circles indicate the
search radius used for pairing during metric evaluation.
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(b) Same localisation results as in (a), overlaid on the corre-
sponding raw image frame.

Figure 6: Example zoomed-in region of a single frame in the dataset, illustrating the localisation
output compared to ground truth. Panel (a) shows the localisations and ground truth positions
in isolation, while panel (b) overlays them on the original image. The blue circles denote the
search radius used to match ground truth positions with detections when computing localisation
metrics.
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5 Tracking

Through the localisation process, a set of detected MB positions is obtained for each frame. The
objective of tracking is to associate these detections across frames to form continuous MB tracks.
We wish to establish tracks which truthfully occur in the GT data. This task is complicated by
factors such as high MB density, the presence of both correct and incorrect localisations, and the
fact that MBs can enter or leave the field of view at any time. Consequently, in a given frame,
a track may not always have a true continuation in the next frame and not all detections will
have an associated position in the previous frame. We make an important distinction between
links and tracks: A link refers to the pairing of two localisations between consecutive frames,
whereas tracks is a sequence of such links representing the motion of a single MB from its first
to last detection.

In this section, we describe our approach to the tracking problem, illustrated in Figure 7. We
first outline the evaluation metrics used to assess tracking performance, followed by the baseline
tracking methods used for benchmarking. We then present our Kalman filter-based pipeline in
full detail, including linking, rejection criteria, and post-processing.

5.1 Tracking Evaluation Metrics

Following the methodology presented by Lerendegui et al. [30], tracking performance is assessed
by measuring the accuracy with which localised MBs are associated across consecutive frames
compared to the ground truth. The purpose of tracking is to correctly identify MB trajectories
over time and avoid the generation of false tracks, enabling the construction of valid vascular
structures.

As previously mentioned, tracking performance is inherently dependent on localisation qual-
ity. The presence of many FP and FN MB detections will lead to incorrectly identified pairs or
missing pairs in the tracking process. An incorrectly localised MB should not be paired, and a
MB which was not detected can not be paired. If all localisations, correct and incorrect, were
considered in tracking evaluation there would be a double penalty for FP and FN localisations.
Therefore, concerning the evaluation of tracks, only TP localisations are considered. That is,
only links of correctly localised MBs are used. This will reduce the overall number of pairings
to work with and introduces some measure of bias into the evaluation. However, with high
localisation quality (in terms of metrics as described in Section 4.2) and as the total number of
localisations increase this bias will decrease.

Similarly to the localisation process, in tracking paired MBs are assigned to tracks with arbi-
trary IDs. This allows MB trajectories to be reconstructed by following consecutive localisations
that share the same track ID. However, this means the track IDs cannot be simply compared
to the ground truth. To obtain metrics, we consider a True Positive (TP) pairing corresponds
to a correctly linked pair of localisations belonging to the same MB as defined in the ground
truth. A False Positive (FP) pairing occurs when localisations of two different MBs are given
the same ID. Lastly, a False Negative (FN) pairing is when localisations from the same MB are
incorrectly assigned different IDs. Precision and recall as defined in (4.3) and (4.4) respectively
were used to indicate the correctness of tracking.

To evaluate performance and quantify the distance error for tracking, the distance between
pairs can be used. A weighted Jaccard index with the weights being the distances of each pair
is defined:

J =
TPd

TPd + FPd + FNd
,

where:

• TPd =
∑

i∈TP ||pairi|| is the total distance of correctly linked MB pairs,

• FPd =
∑

i∈FP ||pairi|| is the total distance of incorrectly linked MBs,

• FNd =
∑

i∈FN ||pairi|| is the total distance from missed pairs.
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The Jaccard index is a measure of similarity between two datasets, in our case that is correctly
localised tracking results and the respective ground truth. A score of 0 is considered the worst
is 1 is the best. Making the index weighted by distance reflects the difficulty of correctly pairing
over long distances, as pairing over long distances is susceptible to error but when done correctly
yields a greater score.

To improve interpretability of the metric a remapping of the range [0, 1] → [−1, 1] is per-
formed:

Jmap =
TPd − FPd − FNd

TPd + FPd + FNd
.

In this form, Jmap = 1 indicates perfect tracking, Jmap = 0 indicates as much correct pairing
distance as incorrect/missing, and Jmap < 0 indicates more error paired distance than correct.
As with localisation, these metrics rely on synthetic ground truth data and are only applicable in
synthetic or experimental datasets. For in vivo data, where true tracks are unknown, alternative
evaluation methods must be considered.

These tracking metrics serve two purposes in this dissertation. First, they guide the devel-
opment process, enabling us to evaluate implementation choices with the goal of maximising
the presented tracking precision, recall, and mapped Jaccard index. Second, they provide the
ability to compore our proposed method against baseline tracking methods and validated using
synthetic localisation data. All results based on these metrics, from both the development and
method performance evaluation stages, are presented in Section 6.

5.2 Baseline Methods

To reasonably compare our proposed Kalman filter-based method, we also present two baseline
approaches to the MB tracking problem: Nearest Neighbour (NN) and the Hungarian algorithm.
For implementation details and further information on these methods, see Appendix B. Funda-
mentally, both methods are developed under the rationale that MBs in subsequent frames that
have the shortest distance are most likely to be linked.

For both methods a cost matrix is computed which is the pairwise distance between local-
isations in frames k − 1 and k with size nTracks × nDetections, where nTracks is the number
of tracks in frame k − 1 and nDetections is the number of detections in frame k. The baseline
methods present ways to assign pairs between tracks and detections given the cost matrix. These
pairing assignments are then used to either append detected MBs to tracks, end tracks in frame
k − 1 with no assigned detections in frame k, or create a new track in frame k if a detection is
not assigned to a track in frame k − 1.

The NN implementation is a greedy local assignment, where the track IDs in frame k−1 are
looped through arbitrarily and selects the detection in frame k which is the closest in terms of
distance. Used detections are not considered for future iterations of the looping of tracks, thus
making it a local minimum and not a global minimum assignment. These assignments do not
consider flow direction or motion of MBs.

The Hungarian algorithm is first introduced by Kuhn [28] and returns the global optimum
minimum distance assignment of a square cost matrix. The algorithm was later improved by
Munkres [35] to reduce the complexity. The Munkres varation is typically what is implemented
when discussing the Hungarian algorithm. Further adaptations, such as [4], extends the methods
to rectangular matrices, thus enabling partial assignments when the number of rows and columns
differ. Our method utilises an efficient MATLAB implementation of the Munkres algorithm by
Yi Cao [6], found on the MATLAB File Exchange.

In short, the Hungarian algorithm performs iterative transformations to the cost matrix
through row and column reductions, leading to a set of zero-cost entries. It the identifies the
minimal set of lines needed to cover all zeroes in the matrix. Any entries not covered by these
lines are further manipulated to create additional zeros. This process is repeated until the
optimal one-to-one assignment is found while ensuring a global minimum cost.
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5.3 Proposed Method Overview

Figure 7 illustrates the workflow of the proposed MB tracking method. At the core of the
approach is a Kalman filter-based motion model, which predicts the likely position of each MB
in the next frame based on its previously estimated state. These predicted states are then
linked to detections in the same frame. This process is repeated across all frames to build MB
trajectories.

We refer to active tracks as those that have been successfully linked to a detection in the
most recent frame, and are therefore in consideration for continuation in the current frame.
The synthetic data is presented in units of time in seconds and position in metres. For ease
of implementation, the data is considered on a per frame basis, with time scaled such that one
unit corresponds to the time interval between frames, and space is scaled such that one pixel
corresponds to one spatial unit. The following sections describe the tracking pipeline in detail,
explaining each of the steps as outlined in Figure 7.

5.4 Kalman Filtering

For clarity, this part of the pipeline is divided into two components: the Kalman filter motion
model [26], which defines the assumed dynamics of MB motion, and the algorithm implementa-
tion used to update their states over time.

5.4.1 Kalman Filter Model

The motion of each MB is modelled using a discrete-time linear state-space formulation. The
state vector of a moving MB at frame k is defined as:

x(k) = [x1(k), x2(k), dx1(k), dx2(k)]
T ∈ R4, (5.1)

where x1(k) and x2(k) represent the axial and lateral positions respectively, and dx1(k) and
dx2(k) are their corresponding velocities.

The state motion is predicted according to a constant velocity motion model:

x(k) = Fx(k − 1) + ϵ(k), ϵ(k) ∼ N (0,Q), (5.2)

where ϵ(k) ∈ R4 represents zero mean Gaussian noise that influences MB locations with co-
variance Q. The state transition matrix F models the constant velocity dynamics and is given
by:

F =


1 0 ∆t 0
0 1 0 ∆t
0 0 1 0
0 0 0 1

 , (5.3)

where ∆t = 1/fr is the time between frames and fr is the frame rate. Since the system is
modelled on a per-frame basis, we set ∆t = 1. This matrix is applied to the previous state
vector x(k − 1) to compute the predicted state at frame k.

The observation model assumes that the detected position of each MB is a 2D localisation:

y(k) = Hx(k) + ν(k), ν(k) ∼ N (0,R), (5.4)

where y(k) ∈ R2 is the observed axial and lateral position. The localisation process introduces
noise into the detections, therefore ν(k) ∈ R2 represents the zero mean Gaussian measurement
noise with covariance R.

The observation matrix H extracts the positions components of the state vector x(k) and is
given by:
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Figure 7: The proposed Kalman-filter based workflow for MB tracking. Predicted positions are
linked to detections using a cost matrix with rejection criteria. Tracks are updated, initialised,
or ended accordingly to the linking assignment.

H =

[
1 0 0 0
0 1 0 0

]
. (5.5)

The third and fourth columns of H are set to zero since the velocity components of x(k) are
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not directly observable in the localisation process. The noise covariance matrices Q and R are
tuned parameters, which are further discussed in Section 6.1.1.

This linear model provides a computationally efficient model to estimate MB motion, though
it simplifies the true dynamics of MB flow. One would expect non-linear motion of MBs due to
blood flow perturbations, vascular structure curvature, among other things. To represent more
complex dynamics, variants such as the Extended or Unscented Kalman filters could be applied
[25, 47].

5.4.2 Kalman Estimation Algorithm

Active MB tracks are propagated over frames using a Kalman estimation algorithm based on the
model presented in the previous section. The algorithm proceeds in three stages: initialisation,
prediction, and update, as illustrated in Figure 8.

Update Stage
1. Kalman gain matrix: 

2. Innovation matrix: 

3. Updated a posteriori estimate of the MB location at the
 step using the observations : 

4. Updated covariance matrix of the a posteriori estimate at
the  step: 

Prediction Stage
1. a priori estimate of the MB location at the  step: 

2. Covariance matrix of the a priori estimate at the  step: 

Initialisation Stage
1. Set initial state and convariance matrix:
 

Figure 8: Flow diagram of the Kalman filtering estimation algorithm, as a component of the
overall tracking workflow. Figure adapted from [19, 44].

Initialisation
When a new track is started from an unlinked detection, the initial state vector is constructed
using the observed position and a zero-velocity assumption:

x̂+k = [x1(0), x2(0), 0, 0]T .

The hat operator, ˆ , indicates an estimate of a variable. That is, x̂ is an estimate of the state
x. This initialisation is a simplification of the true dynamics of a MB, as a MB entering the
field of view of the frame is being moved by blood flow and thus would not have zero velocity.
However, since we can not assume a direction of this velocity, we assume it is reasonable to
initialise the velocity component as zero.

The covariance matrix P±
k ∈ R4×4 encodes the uncertainty in each state dimension. During

the prediction and update stages, this covariance matrix evolves over time as more observations
are incorporated into the track and the uncertainty of the estimates therefore changes. The
initial covariance matrix is defined as:
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P+
0 =


p1,1 0 0 0
0 p2,2 0 0
0 0 p3,3 0
0 0 0 p4,4

 ,

where p1,1 through p4,4 represent the variances associated with each component of the state
vector. One could make the assumption that in early track history, velocity is less certain
than position due to the lack of motion information and could set p1,1 = p2,2, p3,3 = p4,4,
and p1,1 < p3,3 to reflect this. Such parameter settings would imply equal uncertainty in both
the axial and lateral directions for position and velocity. These values are treated as tunable
parameters and are further discussed in Section 6.1.1.

Prediction
The state of a MB is predicted from the previous estimate using the constant-velocity model, as
was described in Section 5.4.1:

x̂−k = Fx̂+k−1,

where F is as defined in (5.3). Given this estimation, the uncertainty associated with the
predicted state is adjusted accordingly via the covariance matrix:

P−
k = FP+

k−1F
T +Q,

where Q ∈ R4×4 is the process noise covariance matrix, representing the uncertainty in the
prediction step. This corresponds to the Gaussian noise term ϵ(k) as was defined in (5.2). It is
chosen to be diagonal:

Q =


σ2
ϵ 0 0 0
0 σ2

ϵ 0 0
0 0 σ2

ϵ 0
0 0 0 σ2

ϵ

 .

The value σϵ is treated as a tunable parameter and is further discussed in Section 6.1.1.

Update
If the predicted state x̂−k is linked to a detection yk in frame k, an update stage is applied to
refine the estimate of the true MB position given both the prediction and the observation. First,
the Kalman gain matrix is computed:

Kk = P−
k H

T
(
HP−

k H
T +R

)−1
,

where H is as defined in (5.5). The Kalman gain acts as a weighting factor, determining the
relative influence of the prediction and the observation in the state update. R ∈ R2×2 is the
measurement noise covariance matrix, representing the uncertainty in the localisation step. This
corresponds to the Gaussian noise term ν(k) as was defined in (5.4). It is chosen to be diagonal:

R =

[
σ2
ν 0
0 σ2

ν

]
.

The value σν is treated as a tunable parameter and is further discussed in Section 6.1.1.

The innovation matrix is calculated as:

Ik = yk −Hx̂−k .

This can be considered as the residual between the actual measurement and the predicted
observation based on the prior state.

The updated position, x̂+k is computed given the predicted location, the Kalman gain matrix,
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and the innovation matrix:
x̂+k = x̂−k +KkIk.

The updated state is taken as the best estimate of the true MB position at frame k, and is what
is used as the state vector. Lastly, the covariance matrix is adjusted to reflect the uncertainty
in this updated state:

P+
k = P−

k −KkHP−
k .

For a visual interpretation of the prediction and update stages, Figure 9 demonstrates how
an updated estimated state is predicted to the next frame and is then updated given its paired
detection. The solid lines represent actual track movement between the updated positions, with
dashed lines presenting the path to the predicted position.

x̂+
k−1

x̂−
k

ykx̂+
k

x̂−
k+1

yk+1
x̂+
k+1

Predicted estimate x̂−
k

Paired detection yk
Updated estimate x̂+

k

Candidate microbubbles Yk

Figure 9: Kalman filter tracking process illustrated over three frames. At each frame, a predicted
MB position x̂−k (blue) is linked to a detection yk (red) to produce an updated estimate x̂+k
(green). Dashed arrows indicate the prediction steps, while solid lines show the updated track.
Faded red markers show candidate MB detections in the field of view, Yk, which could have been
linked to the predictions.

These prediction and update stages are repeated for each active track across all frames in
the dataset. The following section will explain how a given prediction x̂−k is paired to a detection
yk.

5.5 Microbubble Linking

At this stage, we aim to find the optimal one-to-one assignments of predicted MBs locations to
the detections in a given frame. The combination of many such links form a track. The absence
of a link between predictions and detections can indicate either the end of a track or the start of
a new one. In our notation, we link the predicted locations of active tracks, x̂−k , to all detections
in frame k, Yk, yielding a linked subset yk ⊆ Yk containing only the detections assigned to x̂−k .

The linear assignment problem seeks the optimal matching between m row items and n
column items, given a cost matrix C ∈ Rm×n, where Cij is the cost of assigning row i to column
j. This corresponds to the objective:

min
M

∑
(i,j)∈M

Cij ,

where M is a matrix of non-overlapping pairs, also known as matchings. A matching provides
a one-to-one pairing where no two pairs share the same row or same column. When m = n
and every item is matched exactly once, it is known as a perfect matching. When m ̸= n, some
items will remain unmatched and the result is known as a partial matching.

In our application, the cost matrix C is the pairwise Euclidean distance between all active
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tracks x̂−k to all detections in the same frame Yk. We do not expect every predicted MB position
(row item in C) to have a true match with a detection (column item in C). Therefore, we wish to
obtain the optimal partial assignment solution to the linear assignment problem. Even if m = n
for a given frame, a perfect matching is not expected because MB tracks may begin or end in
any frame (i.e. tracks do not continue forever). The linking rejection criteria in Section 5.6
are implemented by setting the corresponding distance in the cost matrix C to infinity, thus
removing implausible links from matching in the minimisation process.

One could also consider this problem in graph terms, where the equivalent set-up is to find the
minimum-weight partial matching of a weighted bipartite graph. In such a graph, the left nodes
represent the predicted positions of MBs, the right nodes represent the detected MB positions,
and the edges correspond to possible links weighted by their cost (i.e. distance). Setting a
given cost to infinity to apply linking rejections is equivalent to removing the corresponding
edge between those nodes.

5.5.1 Solving the Linear Assignment Problem

To solve the linear assignment problem, the matchpairs.m function in MATLAB was imple-
mented as it allows for partial matching. This function applies the method described by Duff
and Koster [15]. It minimises the total cost of assigning rows to columns based on a given cost
matrix. The total cost of an assignment is computed as:

Total Cost =
P∑
i=1

C (M(i, 1),M(i, 2)) + costUnmatched · (m+ n− 2p) .

Here, C is the cost matrix as previously defined. The matrix M contains P matched pairs, with
M(i, 1) and M(i, 2) corresponding to the row and column indices of the i-th assignment. The
term (m+ n− 2p) counts the total number of unmatched rows and columns. Each unmatched
row or column incurs a penalty of costUnmatched, allowing for partial assignments. We set
costUnmatched empirically to Lmax as it is defined in the following section. This cost penalises
links that exceed expected physical movement, effectively discouraging implausible assignments.

The presented method is not the only way to solve the linear assignment problem. The Hun-
garian (Munkres) Algorithm, discussed in Section 5.2 and Appendix B, is a common approach.
In the development process it was found the Duff and Koster method achieved an average match-
ing time of 0.08 seconds per frame, representing a 35.5x speed-up compared to the 2.52 second
per frame of the Hungarian method. Given the many trials and parameter tuning iterations
described in future sections, we chose the Duff and Koster method for computational efficiency.
In our implementation, switching between these two methods is as simple as changing a single
function call to perform the matching, allowing for the straightforward comparison of linking
algorithms.

5.6 Linking Rejection Criteria

To remove implausible links between predicted estimates, x̂−k , to observations in the frame, Yk,
a series of rejection criteria are applied prior to the MB linking stage. Each criterion is repre-
sentative of a physical constraint of the problem and aims to eliminate unrealistic associations
between localisations. The rejection workflow is designed to be modular, allowing each crite-
ria to be enabled or disabled independently. This provides flexibility in tuning of the tracking
pipeline, and can inspect the individual impact of each criterion. Velocity (Section 5.6.1) and
short link (Section 5.6.2) rejections are always applied while angle (Section 5.6.3) and accelera-
tion (Section 5.6.4) rejections are optional.

In addition to improving the physical plausibility of the associations, the rejection criteria
help reduce the number of candidate links, leading to a sparser cost matrix and simplifying the
optimisation during tracking. Further, by filtering out the implausible links these criteria help
reduce incorrect tracks with respect to the ground truth information and improve the objective
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quality of the tracking. The rejection criteria applied in the proposed workflow are explained in
the following sections.

5.6.1 Velocity Rejection

The velocity-based rejection criterion restricts the maximum speed that a MB can travel between
consecutive frames. Any proposed link between two localisations that would imply a velocity
greater than what would be physically plausible, it gets rejected. Intuitively, it follows that it
is implausible for a MB detected in one corner of an image to truthfully appear in the opposite
corner in the next frame.

According to the ULTRA-SR GT data [29], the maximum velocity magnitude of a link is
vmax = 80 mm/s. Converting this pixel and frame units using the simulations parameters in
Table 1 gives vmax = 40 pixels/frame. Since the tracking pipelines operated on a per frame basis,
the maximum linking distance between two frames is therefore 40 pixels, which we denote Lmax.
This constraint is visualised in Figure 10, where candidate MBs in the next frame are rejected
when they are outside of the Lmax radial distance from the current MB’s predicted position.

Lmax

Lmin

Current MB
Valid candidate
Rejected candidate
Linking range
Outside of linking range

Figure 10: Illustration of the velocity and short link-based rejection criteria. Candidate MBs
must lie in the annular region defined by the minimum and maximum distances, Lmin and Lmax

respectively, to be considered valid. These bounds represent the physical constraints on velocity
and displacement of MB motion per frame. Distances are exaggerated for visualisation purposes.

To implement this rejection criterion, we create a second Euclidean distance cost matrix
between the most recent updated position of the previous frame’s active tracks, x̂+k−1, and the
list of candidate MBs in the current frame, Yk. Proposed links in this secondary matrix with
distances greater than the Lmax threshold are identified and used to mask the main cost matrix,
setting the corresponding entries to infinity and rejecting those potential associations in the
linking assignment.

The main distance cost matrix C before and after the application of the the velocity-based
constraint is visualised in Figure 11. In this figure the MBs detections in frames k and k + 1
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are arbitrarily indexed and the pairwise distance is calculated. Figure 11 (a) shows the full
cost matrix without thresholding, and contains many associations which are over Lmax. The
threshold is applied in Figure 11 (b), and we observe how the cost matrix becomes significantly
more sparse and rejects a majority of the possible links. This step will simplify the later linking
assignment. Figure 11 represents the associations between frames 1 and 2 in the ULTRA-SR
dataset. Note that the cost matrix is not required to be square as the number of active tracks
in frame k and observations in frame k + 1 does not need to be equal.
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(a) Full cost matrix showing all pairwise dis-
tances between MB positions in consecutive
frames.
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(b) Thresholded cost matrix after applying a
maximum velocity constraint, removing im-
plausible pairings.

Figure 11: Pairwise distance cost matrices used for MB tracking. (a) shows all pairwise distances
between candidate localisations in frames k and k+1. (b) displays the matrix after applying
a maximum velocity threshold, removing implausible pairings and significantly reducing the
complexity of optimisation. White entries in (b) correspond to infinite costs (i.e. disallowed
pairings).

5.6.2 Short Link Rejection

The short link-based rejection criteria implements the physical assumption that MBs should
not remain stationary in consecutive frames. Recall that the localisations represent blood flow
within a vascular network, therefore it is expected that MBs have at least some motion between
frames.

Analysis of the ground truth data shows that the minimum observed linking distance be-
tween consecutive frames is approximately 2.55 pixels (or 1 mm). However, due to localisation
uncertainty and the inherent noise in the detection process, we relax this constraint empirically.
The minimum linking distance parameter, Lmin, represents the minimum allowable displacement
and is set to 5-10% of the pixel size. Since all processing is being computed in pixel units, this
threshold is directly set as a value in the range Lmin = 0.05–0.1. The short link-based rejection
criteria is visualised in Figure 10, where candidate MBs in the next frame are rejected when
they are within the Lmin radial distance to the current MB’s predicted position.

In practice, this is implemented similarly to the velocity-based rejection criterion as explained
in the previous section. A second Euclidean distance matrix is computed between the corrected
positions of active tracks in the previous frame x̂+k−1 and the set of all candidate detections in
the current frame Yk. Links in the secondary matrix with distances below the Lmin threshold
are identified and used to mask the main cost matrix C, setting the corresponding entries to
infinity, thus rejecting those associations in the linking optimisation.
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5.6.3 Angle Rejection

The angle-based rejection criteria restricts the allowable change in direction of a MB’s trajec-
tory in consecutive frames. The angle between the current candidate motion and the track’s
history is limited such that it prevents abrupt or physically implausible changes in direction.
In this implementation, the maximum allowed deviation in angle is set to θthresh = π/2, which
constrains the direction of motion within [−π/2, π/2] relative to the previous velocity vector.
This effectively ensures that MBs do not exhibit backwards motion.

This criterion is illustrated in Figure 12, which shows valid and invalid candidate detections
relative to the track’s history. Let αk denote the angle of motion of a MB from frame k − 1 to
k1, with respect to the position in frame k − 1 as the origin. Similarly, βk+1 is the angle to a
candidate in frame k+ 1, measured from the position in frame k as the origin. A proposed link
is accepted if the change in angle ∆θk satisfies:

∆θk = |βk+1 − αk| < θthresh. (5.6)

αk

βk+1

αk

k−1

k

k+1

(a) The MB detection at frame k+1 is within
the angular threshold, making the proposed
track originating from frame k−1 valid.

αk

βk+1

αk

k−1

k

k+1

(b) The MB detection at frame k+1 is out-
side the maximum threshold. This detection
would not be a valid continuation of the track
originating from frame k−1.

Figure 12: Angle-based rejection criterion for MB tracks where the threshold angle, θthresh, is
equal to π/2. Figure inspired by [44]. a) Valid MB candidate. b) Invalid MB candidate.

The angle-based rejection is implemented by evaluating the tracks with respect to candidate
detections. For each active track, the most recent two positions are used to compute αk. From
the last position, angles βk+1 are computed to all localisations in the current frame, Yk. Any
proposed links where ∆θk exceeds the threshold as defined in (5.6) is considered invalid. These
links are masked out by setting the corresponding indices in the cost matrix C to infinity,
therefore excluding them from the linking assignment. In practice, this criterion can only applied
when a track has at least two prior positions in its history. To compute angles βk+1 and αk,
there must be at least two positions already. For newly initialised tracks which only contain a
single detection, the angle-based rejection is skipped.

5.6.4 Acceleration Rejection

The movement of MBs is governed by the underlying blood flow, which imposes physiological
constraints of how quickly velocity can change. In particular, we do not expect a given MB
to have significant accelerations or decelerations in consecutive frames. Within the spatial and
temporal resolution of a dataset, the velocity of a MB travelling through a single vessel is
expected to remain relatively consistent.
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To enforce these assumptions, an adaptive acceleration-based rejection criterion is applied.
For each candidate link, the change in speed relative to the most recent velocity in the track’s
history is computed. A potential link is rejected if this change exceeds a threshold. The absolute
value of acceleration is calculated as

a =
| ∥v⃗k+1∥ − ∥v⃗k∥ |

1/fr
< athresh, (5.7)

where ||v⃗k|| is most recent magnitude of velocity in a track’s history, ||v⃗k+1|| is the magnitude of
velocity between the most recent position and a candidate detection, and fr is the frame rate.
A proposed link is accepted only if a < athresh, where athresh is an adaptive threshold computed
as

athresh =
0.5× v̄

1/fr
, (5.8)

with v̄ defined as the 20% trimmed mean values of the velocities measured in each frame of a the
track [24], implemented with the MATLAB function trimmean.m. This follows the methodology
presented by Tang et al. [44], and removes the influence of outlier velocities.

Since the magnitudes of velocities are being used, this criterion will eliminate potential links
that would imply motion that is either too fast or too slow given prior track information. This
concept is visualised in Figure 13, where candidate MBs are either valid or invalid depending
on the track’s velocity history and implied relative speed change.

v⃗k−1

v⃗k

v⃗k+1

Valid

v⃗k+1

v⃗k+1

Reject (too slow)

Reject (too fast)

k−1
k

k+1

k+2

k+2

k+2

Figure 13: Acceleration-based rejection criterion applied to candidate MB detections in frame
k+2. The velocity of the track up to frame k+1 informs the adaptive threshold for acceptable
motion. Detections that induce excessive acceleration or deceleration relative to prior track
dynamics are rejected.

As with the angle-based rejection criterion, the acceleration constraint is implemented by
evaluating active tracks with respect to all candidate detections in the current frame. For each
track, the two most recent positions are used to compute v⃗k, and candidate velocities v⃗k+1 are
computed with respect to each candidate detection. Any proposed link for which the acceleration
exceeds athresh is rejected by setting the corresponding entry in the cost matrix C to infinity.

To ensure reliability, the acceleration constraint is only applied to tracks with sufficient
motion history. We empirically set the minimum track length to at least five positions before
the constraint is implemented. This avoids being overly restrictive on newly initialised tracks
whose Kalman filter estimates may still be stabilising due to the uncertainty in their state
covariance.

5.7 Track Management

For completeness, this section will explain how links are compiled into MB tracks, informing on
the MATLAB implementation. This corresponds to the Update Tracks stage in Figure 7.

A track refers to the sequence of links which through the proposed method are believed to
be of the same MB over time. With a slight abuse of notation, we denote the full set of all tracks
by:
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Γ =
{
γ(1), γ(2), . . . , γ(D)

}
,

where D is the total number of tracks. Each track γ(d) consists of a sequence of updated state
vectors for that MB:

γ(d) =
{
γ
(d)
1 , γ

(d)
2 , . . . , γ

(d)
Nd

}
,

where γ
(d)
i denotes the i-th updated state vector in the track. Here, Nd is the total number of

detections assigned to track γ(d).

It is important to consider that each track has its own local indexing. We denote γ
(d)
i = x̂+

kdi
,

where x̂+
kdi

is the updated Kalman state vector at global frame index kdi , and i is the local index

within track γ
(d)
i .

For each track γ(d), the position and instantaneous velocity vectors at the i-th position in

the track can be extracted from the full state vector γ
(d)
i :

r⃗i = [x1i , x2i ] , v⃗i = [dx1i , dx2i ] ,

where the state vector components are as described in (5.1) and are appropriately associated
with that track. The mean velocity of a track γ(d) can be expressed as:

¯⃗v =
r⃗Nd
− r⃗i

Nd
,

where r⃗ corresponds to the appropriate position vectors for that track. These quantities are
applied in post-processing steps as described in Section 5.8.

New tracks are initialised as described in Section 5.4.2. In the first frame, all detections are
initialised as state vectors with zero velocity and are added to the set of all tracks Γ. For all
subsequent frames, new tracks are similarly initialised when a detection in Yk is not paired with
a prediction x̂−k . These unpaired detections are initialised as new tracks which are appended to
Γ, and are marked as active for consideration in the following frame. If a prediction x̂−k is linked
to a detection yk, the resulting updated state x̂+k is appended to the corresponding track γ(d).
This extends the track and is considered active for the next frame. If a prediction x̂−k is not
paired to a detection in Yk, the track is considered to have ended in frame k− 1. The prediction
is not appended into the associated track and the track is marked inactive, meaning it will not
be considered for linking in future frames.

5.8 Post-Processing Track Rejection

After the Kalman filtering and linking workflow is completed for all frames, a set of tracks
Γ is obtained. However, after this process false MB locations and trajectories may still exist
due to imperfect linking or noisy detections. As displayed in Figure 7, the final step in the
pipeline involves applying the following track post-processing rejection criteria can be applied
to improve the robustness and accuracy of the resulting tracks. Angle (Section 5.8.1) and
acceleration (Section 5.8.2) post-processing are considered optional, while short track rejection
(Section 5.8.3) is always applied. Importantly, angle and acceleration rejections are not applied
redundantly throughout the pipeline. If they are used during the linking stage (Section 5.6),
they would not be used as a post-processing step and vice-versa.

5.8.1 Angle Rejection

This criterion is similar in principle to the linking angle-based rejection presented in Section 5.6.3,
but is applied as a post-processing to individual tracks rather than frame-to-frame linking candi-
dates. In post-processing, each track γ(d) is iterated through, and the angle between consecutive
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segments is computed. If the angle at index i of the track exceeds the threshold as defined in
(5.6), the track is split at this index.

The first track segment
{
γ
(d)
1 , . . . , γ

(d)
i

}
remains under the original track index d, while the

second segment
{
γ
(d)
i+1, . . . , γ

(d)
Nd

}
is added to the set Γ as a new track. This new segment is then

re-evaluated by the same rejection criterion as it may contain further angle violations.

5.8.2 Acceleration Rejection

This criterion is the similar in principle to the linking acceleration-based rejection presented in
Seciton 5.6.4, but again is applied as a post-processing to individual tracks rather in the linking
process. As in the previous section, each track γ(d) is iterated through and if the acceleration
constraint defined in (5.7) is exceeded at index i the track is split. The resulting segments are
added to the set Γ, following the same procedure as in the track angle-based rejection.

The acceleration threshold is computed using the trimmed mean as described in (5.8) using
the entire track γ(d). It is assumed that tracks shorter than length of 10 do not have sufficient
motion history for this criterion to be meaningful and are skipped in the iteration process.

In practice, it was found that this rejection criterion was overly sensitive even under relaxed
thresholds. To mitigate over-segmentation and excessive computing time, a counter was imple-
mented such that each track may be split at most three times. Once this limit is reached, the
remaining segments are retained in Γ and the algorithm proceeds to the next track.

5.8.3 Short Track Rejection

The simplest tracking rejection criterion involves discarding tracks which are considered too
short to be meaningful. The minimum track length is empirically set to three, meaning that
any tracks that are simply a single link is removed from the set of all tracks:

Γ← Γ \
{
γ(d) | Nd < 3

}
.

It is assumed that any tracks shorter than this threshold are the result of noise or represent an
unreliable partial trajectory of a MB. It is applied to eliminate false positive links that likely do
not correspond to the true MB motion. This short track rejection is applied after the angle and
acceleration post-processing steps as those criteria are likely to create small tracks.
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6 Results and Discussion

This section presents the results of the our proposed Kalman filter tracking approach. First the
development process is explored, where parameter tuning and design decisions are discussed.
Secondly, the final model is evaluated, beginning with the simulated localisation data before
applying it to actual localisation outputs.

6.1 Development Process

The development process focuses on maximising the tracking metrics described in Section 5.1.
This section outlines the process of building and refining the tracking method, rather than the
final performance evaluation, which is reported separately in Section 6.2. All experiments con-
ducted in the development process were performed using the GT raw data from the synthetic
dataset (Section 3). This was to ensure that tracking performance could be assessed indepen-
dently of localisation errors. A series of trials were carried out, each testing parameter choices
or algorithm modifications, with the goal of developing the most robust tracker possible. Of
note, the velocity rejection (Section 5.6.1), short link rejection (Section 5.6.2), and track post-
processing rejection short track rejection (Section 5.8.3), were always applied, as these are simple
constraints assumed to always hold. The angle and acceleration-based criteria were treated as
optional or additional refinements and are evaluated separately in Sections 6.1.4 and 6.1.5.

The subsections that follow present these experiments in the order in which they were con-
ducted, as each stage informs the next. In the tables that follow, the highlighted row indicates
the optimal configuration derived from each trial, representing the design choices carried forward
into the next stage of development.

6.1.1 Tuning the Kalman Filter

The parameters of the Kalman filter are described in Section 5.4.2. Recall that the model
contains three covariance matrices: P+

0 (initial state uncertainty), Q (process noise), and R
(measurement noise). For simplicity, each matrix was set to be diagonal with identical values
along the diagonal. Therefore, the tuning process simplifies to selecting three parameters cor-
responding to these diagonals. The objective of this stage was to identify the set of parameters
that maximise the tracking metrics.

A grid search approach was applied, chosen for its simplicity in implementation and inter-
pretable results. Parameter values were varied across a logarithmic grid spanning 10−4 to 102,
which were assumed to be the extremes of potential tuning values. Every parameter combination
was evaluated, and the results were compared according to the tracking metrics.

Selected results are presented in Table 6. In this and all subsequent tables, P, Q, and R
represent the values along their respective diagonals. It is important to emphasise that the
localisation metrics here do not indicate changes to the underlying dataset, as the localisation
quality of the input data remains unchanged in the tracking process. Instead, these values in
the table represent the effective localisation metrics, which are computed only on the subset
of detections that remain in the tracking results after the application of the Kalman filter and
track rejection. Effective localisation values decrease either because updated state estimates are
shifted outside the evaluation search radius (4.2), or because tracks are discarded during short
track rejection (Section 5.8.3). Therefore, these metrics reflect the proportion of ground truth
information retained in the tracking output rather than the input data.

When R is very small, as seen in Trials 1 and 2, the filter places almost all confidence in
the measurements rather than the predictions in the update stage of the model. These trials
show that with a small value of R, the choices for P and Q have a lesser impact on the metrics.
Such parameters yielded results with Jmap < 0, which indicates there is more erroneous pairing
distance than correct, which is of course something that should be avoided for a tracking method.

Trial 3 illustrates a more balanced result, where with a more moderate value for R all
tracking metrics are increased, with a positive Jmap. We do however, start to see a decrease
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Trial Parameter Tracking Metric Effective Localisation Metric
P Q R Precision (%) Recall (%) Jmap Precision (%) Recall (%)

1 100 100 0.001 73.31 73.97 -0.1450 100 99.93
2 1 1 0.001 73.20 73.85 -0.1470 100 99.93
3 10 1 1 79.06 79.51 0.0345 88.69 88.62
4 1 1 10 87.07 87.72 0.2893 54.74 54.68

Table 6: Selected results of the grid search tuning of the Kalman filter. The highlighted row
indicates the parameter set used for subsequent analyses, as it achieved the best tracking metrics.
Localisation values represent effective localisation metrics, i.e., the subset of detections retained
in the final tracking results.

in effective localisation metrics as a result of increasing the tracking metrics. This is likely a
result of the Kalman update stage placing more weight on the predictions and shifting the final
positions being outside of the evaluation radius.

Trial 4 achieves the strongest overall tracking performance, with all tracking metrics max-
imised and is therefore selected as the best tuned parameter set. This comes at a the cost of
a significant reduction in effective localisation metrics. This trade-off is not ideal, but for the
purposes of developing a robust tracking method, priority was given to maximising the tracking
metrics. For subsequent experiments, the tuned values selected were P+

0 = diag(1), Q = diag(1),
and R = diag(10) and will be called the baseline Kalman filter model. These values are consis-
tent in order of magnitude with those presented by Tang et al. [44], though no value for P+

0 was
reported in their work.

6.1.2 Using Updated or Observed Position

This investigation was performed as a validation of the Kalman filter implementation itself,
designed to consider whether one should simply use the observed position (i.e. the localisation)
rather than using the updated state. In the implementation described up to now, the updated
state estimate x̂+k is used to record position and is included in the relevant track information γk.
To test this choice, a variant method was implemented in which the linked detections yk were
saved directly to the tracks. The Kalman filter still performed predictions x̂−k , but these were
only used in the linking assignment. A grid search procedure, as described in Section 6.1.1, was
applied to both versions to ensure a fair comparison.

The results are summarised in Table 7. Unsurprisingly, since tracker development was per-
formed on GT data, using the observed positions yielded higher effective localisation metrics
than using the updated state. However, the corresponding Jmap is negative, indicating that
more incorrect error distance is obtained than correct links. Conversely, the updated position
method has a positive Jmap metric and considerably higher tracking precision and recall, making
it the better choice. This confirms that Kalman updating improves trajectory reconstruction
over simply using Kalman predictions as part of a linking strategy, and one would expect that
its advantage to be even greater when working with noisy and imperfect localisations.

Model Version Parameter Tracking Metric Effective Localisation Metric
P Q R Precision (%) Recall (%) Jmap Precision (%) Recall (%)

Updated Position (x̂+k ) 1 1 10 87.07 87.72 0.2893 54.74 54.68
Observed Position (yk) 10 0.01 0.0001 75.57 76.24 -0.0903 100 99.93

Table 7: Tracking and localisation performance when saving the updated state estimate or the
observed measurement position. The highlighted row corresponds to the model version with
superior tracking performance.
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6.1.3 Comparing Against Baseline Methods

As a further validation, the tuned Kalman filter was compared against two baseline methods:
Nearest Neighbour (NN) and Hungarian algorithm, as described in Section 5.2 and Appendix B.
To ensure a fair comparison, only the minimal set of rejection criteria were applied to all three
methods: Velocity and short link-based rejections during linking, and short track rejection
in post-processing. Since identical rejection criteria and perfect localisations were used, the
differences in performance should reflect the tracking model itself.

Table 8 presents the results. The Kalman filter clearly outperforms both baseline methods
across all tracking metrics, and is the only method which achieves a positive Jmap. The NN
and Hungarian algorithm methods yield significantly lower tracking precision and recall, with
negative Jmap values indicating more incorrect link distance than correct. The baseline methods
retain nearly all detections, reflected in their high effective localisation recall. However, despite
retaining more information in their tracking outputs, the negative Jmap values indicate these
methods fail to use it successfully in tracking. By comparison, the Kalman filter sacrifices some
detections but produces substantially higher quality links.

Tracking Metric Effective Localisation Metric
Method Precision (%) Recall (%) Jmap Precision (%) Recall (%)

Baseline Kalman Filter 87.07 87.72 0.2893 54.74 54.68
Nearest Neighbour 61.73 62.76 -0.4932 100 98.07
Hungarian Algorithm 57.19 58.49 -0.5349 100 99.97

Table 8: Tracking performance of the Kalman filter compared with baseline methods (Nearest
Neighbour and Hungarian algorithm). All methods were evaluated using identical rejection
criteria and ground truth localisations.

Interestingly, the simple NN implementation outperforms the Hungarian algorithm, despite
the latter producing a global minimum of the cost matrix while the NN does not. As stated in
Section 5.2, these two methods minimise the distances between detections across frames k−1 to
k without consideration of motion dynamics. This means that minimising the spatial distance
across frames does not guarantee true trajectories are recovered, and the global minimum as-
signment causes more incorrect pairings since the closest detection is not necessarily the correct
continuation of a track.

In contrast, the Kalman filter-based approach incorporates motion prediction and creates
links between estimated positions x̂−k and detections yk within the same frame. The superior
tracking metrics suggest that incorporating a motion model better captures the underlying
MB trajectories than methods that simply rely on spatial proximity. It should be noted that
this outcome reflects the characteristics in this synthetic dataset and performance comparison
between the methods could vary depending on differing localisation quality, MB density, and
imaging parameters of the input data.

6.1.4 Linking Rejections

The purpose of this experiment was to investigate whether applying additional rejection criteria
during the linking process would improve overall tracking performance. This follows the intuition
that if implausible links are prevented from being formed in the first place, the resulting tracks
should be more accurate and require less post-processing. This strategy aims to create tracks
which are more reliably built from the outset. In all trials, the velocity (Section 5.6.1) and
short link-based (Section 5.6.2) rejections were applied as defaults. Further trials tested the
angle and acceleration-based rejections, as they are described in Section 5.6.3 and Section 5.6.4
respectively, both individually and in combination.

Interestingly, as shown in Table 9, applying additional rejection constraints in the linking
process consistently reduced the tracking metrics relative to the baseline configuration. This
outcome was contrary to initial expectations. Trials in which the acceleration-based rejection
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criteria was applied showed a significant drop in recall and resulted in negative Jmap scores.
While Trial 4 (combined angle and acceleration rejection) did show an improvement in precision
over the baseline, this gain is outweighed when considering the substantial reduction in Jmap,
indicating worse overall tracking quality.

Trial Linking Rejection Criteria Tracking Metric
Angle Acceleration Precision (%) Recall (%) Jmap

1 False False 87.07 87.72 0.2893
2 True False 81.69 80.69 0.0747
3 False True 82.86 68.49 -0.4157
4 True True 87.46 73.65 -0.1886

Table 9: Tracking performance with combinations of angle and acceleration-based rejections
applied as part of the linking process. The highlighted row corresponds to the baseline configu-
ration, where only velocity and short-link rejections were applied, which yields the best results.

To investigate whether the reduction in tracking performance was due to overly strict thresh-
olds, additional tests were performed with relaxed parameters. That is, in (5.6) the θthresh was
increased and in (5.8) the factor of 0.5 in athresh was increased. However, even under these less
restrictive conditions, none of the configurations improved upon the baseline.

These results suggest that, while conceptually appealing, such rejections are not well suited
to be applied during the linking process. It is assumed that they are too restrictive at this stage
and true continuations of tracks may get rejected early in the process, which propagates errors
into the following iterations of the algorithm. Further, for an acceleration-based constraint
to be valuable, a track should be of sufficient length to have a significant amount of motion
history. Short tracks contain less velocity information and could yield ineffective thresholds.
This interpretation is supported by the observed increase in the number of shorter, fragmented
tracks when these criteria were applied. Based on these findings, only velocity and short link-
based rejections were retained going forward. Angle and acceleration-based rejections applied
as post-processing steps are discussed in the following section.

6.1.5 Track Post-Processing Rejections

This section details the results of applying additional rejection criteria as a post-processing step
after the tracks have been formed, as described in Section 5.8. The goal of this step in the
pipeline is to improve tracking quality by splitting tracks at links which are deemed implausible
by the rejection criteria. Since post-processing operates on complete tracks, these methods can
make use of longer motion history to enforce more informed rejections than are available during
frame-to-frame linking rejections as seen in Section 6.1.4.

First, the angle-based criterion, as described in Section 5.8.1, was investigated. To assess the
effect of the angle threshold θthresh on tracking performance, a series of trials were conducted
across a range of values from 160◦ to 30◦. Smaller θthresh indicates a more restrictive constraint.
The results of this tuning effort are presented in Table 10.

These results demonstrate that progressively lowering the angle threshold leads to a consis-
tent improvement of tracking metrics. Precision, recall, and Jmap are all shown to be maximised
when the threshold is at its most restrictive. Broadly speaking, this supports the hypothesis
that angle-based rejection as post-processing technique improves overall tracking results. How-
ever, this improvement comes at a cost. The first row of Table 10 simply lists the ground
truth data statistics, where 267,219 true links are present. As θthresh gets smaller, we observe
greater fragmentation of tracks and as a result lowers the total number expected pairs and
increases the percentage of missed GT pairs. Additionally, more aggressive splitting increases
the computational time to of post-processing, as every time a track is split it gets re-evaluated
recursively.

To balance performance and practical considerations of computational efficiency, an angle
threshold of 90◦ was selected for the final configuration. This threshold presents a consider-
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Tracking Metric
Trial θthresh (deg) Precision (%) Recall (%) Jmap Expected Pairs GT Pairs Missing (%)

GT (Raw Data) - 100 100 1 267,219 0
No Angle Rejection - 86.90 87.47 0.2893 114,624 57.10

1 160 89.44 89.94 0.3631 114,172 57.28
2 130 89.69 90.17 0.3761 113,755 57.43
3 110 89.84 90.35 0.3863 113,368 57.57
4 90 90.00 90.54 0.3961 112,918 57.74
5 60 90.43 91.11 0.4270 111,863 58.14
6 45 90.81 91.56 0.4509 110,974 58.47
7 30 91.54 92.32 0.4947 109,438 59.05

Table 10: Tracking performance under different angle thresholds, with the highlighted row
showing the angle chosen for the proposed method as it enforces a realistic no backwards motion
constraint.

able improvement in tracking metrics over the baseline, while avoiding excessive fragmentation
associated with smaller thresholds which can significantly increase post-processing time. This
value is also conceptually practical, as it effectively enforces a no backwards motion constraint.
This will prevent unrealistic trajectories while still allowing for some vessel curvature which one
would expect in a vascular structure. Additionally, it is also consistent with the work presented
by Tang et al. [44].

The effects of including different post-processing was explored by testing different combi-
nations of rejections. The results, summarised in Table 11, show that applying all three of
track post-processing rejections yields the best tracking performance. The final configuration,
combining angle, acceleration, and short track-based rejections, achieves the highest precision
and Jmap, and only a marginally lower recall than some of the other trials. This configuration
considerably outperforms the baseline, showing a ∼ 0.15 increase Jmap. While it results in a
slight increase in the percentage of missing GT pairs, this is increase is small and is acceptable
given the improvement in tracking quality.

Comparing Trials 2 and 3 supports the value of each criterion. Both angle only and acceler-
ation demonstrate improvement over the baseline, with relative small difference between their
respective tracking metrics. When combining the rejections in Trial 4, the effects of the two
rejections appear additive rather than overlapping as this was the best overall performance. It
is worth noting that in the implementation of Trial 4, the rejection criteria were applied in the
following order: Angle, acceleration, and then short track removal. Since each criterion splits
tracks at the index at which it violates the threshold adds the segments to the set of all tracks,
the ordering of these rejections directly influences the motion history available to subsequent
rejections. This is particularly relevant for acceleration-based rejection, as athresh is computed
adaptively based on the track history. It is likely that if the rejection order were changed, the
final tracking results would be different.

Trial Track Rejection Criteria Tracking Metric
Angle Acceleration Short Track Precision (%) Recall (%) Jmap Expected Pairs GT Pairs Missing (%)

1 False False True 87.07 87.72 0.2893 114,624 57.10
2 True False True 90.00 90.54 0.3961 112,918 57.74
3 False True True 89.54 90.51 0.4038 112,730 57.81
4 True True True 90.43 90.31 0.4380 110,331 58.45

Table 11: Tracking performance under different combinations of track post-processing rejection
criteria, showing that applying all the criteria optimises the metrics.

6.1.6 Proposed Method Summary

This section summarises the final Kalman filter-based tracking pipeline used in the subsequent
model performance evaluation. All design and parameter choices were selected based on the ex-
perimental results presented in the previous subsections. These efforts led to a final configuration
aimed to maximise tracking performance.
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The proposed tracking pipeline consists of:

• A constant-velocity Kalman filter for motion modelling (Section 5.4),

• A linear assignment for detection to track association (Section 5.5),

• Linking rejection using:

– Velocity-based rejection (Section 5.6.1),

– Short link rejection (Section 5.6.2),

• Track post-processing using:

– Angle-based rejection (Section 5.8.1),

– Acceleration-based rejection (Section 5.8.2),

– Short track rejection (Section 5.8.3).

The Kalman filter was tuned via grid search (Section 6.1.1), resulting in the following pa-
rameter values:

P+
0 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , Q =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , R =

[
10 0
0 10

]
.

6.2 Model Performance

This section evaluates the tracking performance of the final proposed method across two sce-
narios. First, we assess performance on simulated datasets with increasing levels of localisation
noise described in Section 4.4. Second, we evaluate on the actual localisation results obtained
from the localisation pipeline described in Section 4.1. In both cases, the final proposed model
is compared against the baseline Kalman filter implementation without angle and acceleration-
based post-processing track rejections to quantify the improvements achieved through tuning
and rejection strategies.

6.2.1 Simulated Localisation Results

To assess the robustness of the proposed tracking method, we evaluate its performance on the
collection of simulated localisation datasets with increasing levels of Gaussian noise, which are
summarised in Table 5. These datasets simulate progressively decreasing quality of localisation
input to the tracking pipeline, allowing a controlled evaluation of tracking performance under
different input conditions. After running the final proposed model on all of the Simulated
Localisation (SL) datasets, an analysis of the resulting tracking output was conducted to explore
the effect of increasing localisation noise on the resulting MB statistics and track structures,
compared against the GT raw data.

These findings are summarised in Table 12. Across all simulated datasets, the proposed
method produces a significantly higher number of tracks, which are on average shorter than
those present in the raw data. As localisation noise increases, we observe an increasing number
of tracks in the output. The mean track length does not vary greatly between the results in
the SL datasets. This highlights the difficulty of maintaining longer trajectories under noisy
localisation conditions.

Recall that the tracking method includes the short track rejection criterion described in
Section 5.8.3. As more fragmented and shorter tracks are formed, this criterion will lead to
a higher number of rejections, removing tracks that are deemed too short to be meaningful.
Consequently, we observe a decrease in the MB statistics that the total and per frame number
of MBs and mean MB density per frame in the reconstructed tracking results compared to the
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Raw Data Tracking Results

Dataset Info
Dataset ID GT SL-95 SL-90 SL-85 SL-80 SL-75 SL-70

Microbubble Statistics
Total number of MBs 275,163 232,769 231,025 230,989 231,059 230,698 230,175
Mean number of MBs per frame 550.33 465.54 462.05 461.98 462.12 461.40 460.35
Mean MB density (MB/cm2) 137.58 116.38 115.51 115.49 115.53 115.35 115.09

Track Statistics
Number of tracks 7,802 34,255 34,483 34,656 34,783 35,009 35,448
Mean track length (frames) 35.27 6.80 6.70 6.67 6.64 6.59 6.49
Minimum track length (frames) 1 3 3 3 3 3 3
Maximum track length (frames) 500 115 97 93 81 94 74

Table 12: Summary of MB and track statistics for the GT raw data and for the tracking results
of the final proposed model applied to synthetic localisation datasets (SL-95 to SL-70).

raw data. Despite this, the MB statistics remain relatively consistent across all the SL datasets,
suggesting robustness of the tracking as input quality degrades.

Table 13 compares the tracking metrics obtained by the baseline and the final proposed
Kalman filter models across the synthetic datasets. As previously noted, localisation error
propagates through to tracking results, so as expected both models demonstrate a degradation
of tracking performance as localisation quality decreases from SL-95 to SL-70. This is reflected
through the decrease of each precision, recall, and Jmap. Localisation noise introduces additional
complexity to the tracking problem, making it more difficult to reliably link MBs between frames
and leading to more incorrect pairings.

It is shown the proposed model consistently outperforms the baseline model, with partic-
ularly strong improvements in the Jmap scores. The relative improvement of this metric in
Table 13 becomes less significant with increased localisation noise. Overall, this highlights how
the additional post-processing rejection criteria are important to remove implausible trajectories
that would otherwise be hindering the tracking performance.

The recall metric across all datasets is shown to be slightly higher for the baseline model.
This indicates that the method links more MB detections overall. However, increased recall
may also reflect a higher amount of FPs, which reduces precision and the overall quality of the
reconstructed tracks. This interpretation aligns with the baseline method’s lower Jmap scores, as
a higher proportion of incorrect or missed links results in a greater error distance. The proposed
model could be considered more selective, where at the cost of a slightly lower recall, it rejects
low quality links resulting in increased precision and Jmap.

Tracking Metrics - Baseline Model Tracking Metrics - Proposed Model

Dataset Precision (%) Recall (%) Jmap Precision (%) Recall (%) Jmap ∆Jmap (%)

SL-95 81.07 82.40 0.0952 82.66 81.15 0.1765 +7.42
SL-90 80.78 82.26 0.0906 81.97 80.52 0.1651 +6.83
SL-85 80.20 81.74 0.0681 81.42 79.94 0.1386 +6.60
SL-80 79.84 81.42 0.0561 81.11 79.54 0.1258 +6.60
SL-75 79.40 81.22 0.0487 80.35 78.87 0.1086 +5.71
SL-70 78.45 80.42 0.0135 79.49 77.98 0.0727 +5.84

Table 13: Tracking performance comparison between the baseline Kalman filter model (no angle
or acceleration-based post-processing rejections) and the final proposed model across synthetic
localisation datasets. The last column shows the relative improvement in Jmap.

For visualisation of the MB trajectory reconstructions, two maps are presented: A track
density map, which counts how many tracks pass through each pixel, and a mean MB speed
map, which reflects the average velocity of MBs observed in each pixel. To generate these
maps the results across all frames in the dataset are compiled, meaning they represent all of
the trajectory information rather than a single frame. These maps provide insight into the
underlying vascular structure and blood flow dynamics captured by the tracking algorithm.
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The maps generated from the GT raw data are presented in Figure 14, where the true nature
of the synthetic dataset is displayed. The track density map highlights regions where tracks are
highly concentrated, which indicates the presence of larger or more frequently used vessels.
The mean speed map shows the wide variety of MB speed in the synthetic dataset. Tracks with
high, moderate, and slow speeds are overlapping and travel in various directions. The variability
displayed highlights the complexity of reconstructing accurate tracks in such environments, as
the algorithm must distinguish between many crossing paths and varying flow speeds. These
maps provide a baseline for which the tracking results of proposed model can be compared.

For brevity, the maps for the tracking results of the proposed model using only the SL-95
dataset as input are presented in Figure 15. This figure illustrates the tracking results of the
model when applied to a dataset with high quality localisations. As previously discussed and
summarised in Table 12, tracking results were observed to output a lower MB density than in
the GT data. This is reflected in the track density map, where the maximum value of tracks
per pixel is notably reduced compared to the GT. Additionally, tracks are observed in regions
where none exist in the GT, likely due to the Kalman filter updates adjusting the positions of
detections and the presence of incorrect pairings. These inaccuracies contribute to the increased
visual noise in all maps produced by the tracking results. Despite this, the underlying vascular
structure is visually recognisable, as some of the dominant vessels exhibit comparatively higher
track densities than their surrounding regions.

The speed map for the SL-95 results appear substantially noisier than the corresponding
map for the GT data. The highest magnitude speed appear to be mostly derived from the false
or incorrect track pairings rather than true MB motion. This suggests that even with relatively
accurate localisations as input, tracking errors can highly impact the resultant velocity profile.
This aligns with the Jmap for SL-95 in Table 12. With Jmap = 0.1765, this indicates there is
only slightly more correctly paired distance over erroneous distance. There are however some
consistencies with the GT speed map, particularly the slower moving MBs that branch from the
top right of the maps.

For completeness, the SL-95 dataset was also evaluated using the NN and Hungarian algo-
rithm tracking methods, with results provided in Appendix B.

6.2.2 Actual Localisation Results

The final dataset examined is the LOC-OPT dataset, which contains localisations results gen-
erated from the pre-processing and detection pipeline described in Section 4. This dataset was
selected as it represents a realistic set of localisations obtained through the proposed localisa-
tion pipeline. As summarised in Table 4, these localisations have what can be considered an
acceptable level of precision but a reduced recall. Evaluating tracking results on this dataset
provides insight on how the proposed method performs when applied to practical yet imperfect
localisations.

A summary of the MB and track statistics of the tracking output for the LOC-OPT dataset
is provided in Table 14. Compared to the GT raw data, the tracking results show a substantial
reduction in the total number of MBs and MB density. The number of tracks is also considerably
higher, with the average track being much shorter compared to the GT. These trends are con-
sistent with what is observed for the simulated localisation results in Table 12, where degrading
input quality produces more short tracks. Compared to the SL results however, the LOC-OPT
results retains the least amount of MB detection information and produces the shortest tracks.
This is likely reflective of the LOC-OPT have the lowest localisation recall metric out of any of
the evaluated datasets.

The tracking performance on the LOC-OPT dataset is summarised in Table 15. As with the
trials on the simulated localisation datasets, the proposed model incorporating post-processing
outperforms the baseline implementation overall. Notable improvements are observed in tracking
precision and Jmap, with recall remaining consistent. This further supports that the post-
processing choices are crucial in improving tracking performance across all levels of localisation
quality.
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Raw Data Tracking Results

Dataset Info
Dataset ID GT LOC-OPT

Microbubble Statistics
Total number of MBs 275,163 160,763
Mean number of MBs per frame 550.33 321.53
Mean MB density (MB/cm2) 137.58 80.38

Track Statistics
Number of tracks 7,802 28,053
Mean track length (frames) 35.27 5.73
Minimum track length (frames) 1 3
Maximum track length (frames) 500 67

Table 14: Summary of MB and track statistics for the GT raw data and for the tracking results
of the final proposed model applied to an actual set of localisations (LOC-OPT).

Tracking Metrics - Baseline Model Tracking Metrics - Proposed Model

Dataset Precision (%) Recall (%) Jmap Precision (%) Recall (%) Jmap ∆Jmap (%)

LOC-OPT 78.98 88.61 0.0848 81.04 86.88 0.1779 +8.58

Table 15: Tracking performance comparison between the baseline Kalman filter model (no angle
or acceleration-based post-processing rejections) and the final proposed model on the LOC-OPT
dataset. The last column shows the relative improvement in Jmap.

The track density and mean MB speed maps from the LOC-OPT dataset using the proposed
tracking model are presented in Figure 16. Similar to the SL-95 results, the maximum pixel
count in the track density map is significantly lower than that in the GT, reflecting the reduced
number of detections in the tracking results. The maps again display a high level of noise, or
links which do not appear in the GT maps. The level of noise seems to be increased from the
SL-95 map, particularly in the top left section where there are dense overlapping tracks. This
aligns with the reduction in track metrics we observe when evaluating the two datasets, and
supports the conclusion that lower quality localisations degrade the tracking performance.

The associated speed map continues the trends observed in the SL-95 results. While the
overall magnitude of mean MB speeds are relatively consistent with the GT map, the highest
speeds in the LOC-OPT results are achieved in the noisy and erroneous links. In contrast, tracks
that visually resemble the GT in shape and path typically correspond to slower speeds. Although
the broader vascular structure remains visually apparent in these maps, the noise displays a
limitation in the current tracking method. It suggests that further refinements throughout the
tracking pipeline may be needed to improve the overall tracking results across the varying quality
localisation inputs.
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(a) Track density map.
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(b) Mean MB speed map.

Figure 14: Track density and velocity maps generated from GT raw data. (a) Number of tracks
per pixel. (b) Mean MB speed per pixel.
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(a) Track density map.
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(b) Mean MB speed map.

Figure 15: Track density and velocity maps generated from tracking results of the Kalman filter
method on the SL-95 dataset. (a) Number of tracks per pixel. (b) Mean MB speed per pixel.
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(a) Track density map.
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(b) Mean MB speed map.

Figure 16: Track density and velocity maps generated from tracking results of the Kalman filter
method on the LOC-OPT dataset. (a) Number of tracks per pixel. (b) Mean MB speed per
pixel.
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7 Conclusions

This dissertation aimed to develop and evaluate a Kalman filter-based MB tracking algorithm
for SRUI. The goal was to assess the effects of motion modelling, linking strategies, and track
post-processing in the reconstruction of MB trajectories using synthetic data.

In the development phase of the tracking implementation, several key findings were observed.
First, the use of a Kalman motion model significantly outperformed simpler baseline approaches
such as NN and the Hungarian algorithm in terms of tracking performance. Second, applying
additional angle and acceleration restrictions during the frame-to-frame linking process was
found to not improve tracking results. It is assumed that these rejections at this stage are overly
restrictive and prematurely rejecting valid continuations of tracks. Lastly, track post-processing
rejections based on motion continuity (angle and acceleration) showed improvement in tracking.
These methods resulted in improved tracking precision and distance based metrics by splitting
implausible trajectories into separate tracks after their initial formation.

Localisations obtained from the localisation pipeline (Section 4.1) in addition to a series
of simulated localisation datasets of varying quality were assessed. As localisation quality de-
creased, tracking performance gradually degraded, but the inclusion of track post-processing was
shown to outperform a baseline implementation in which they were not included. The model
produced a larger number of short tracks than what was present in the raw data. With the
rejection of very small tracks, this resulted in a model which prioritised making high quality
links at the expense of fewer GT pairs retained. The results showed that the model had diffi-
culty reconstructing long trajectories and instead resulted in smaller fragments of said tracks.
Visualisations of the tracking results showed that while the vascular structure was preserved in
the broader sense, high speed erroneous links were common under noisy localisation input. It
suggests that the proposed model may be better at capturing slower moving MB trajectories.

Overall, this dissertation contributes to ongoing efforts to achieve more reliable reconstruc-
tion of vascular flow dynamics, therefore advancing the broader goals of SRUI.

7.1 Limitations and Future Work

This work has a number of limitations. The evaluation was conducted on a single synthetic
dataset, which limits the generalisability of the findings. Applying the same model with the
tuned parameters to datasets with different MB densities, noise levels, and imaging characteris-
tics would provide stronger evidence for robustness. It is likely that parameter retuning would
be required for satisfactory results on other datasets. The tuning efforts presented were con-
ducted on the set of perfect localisations which is not a realistic scenario for a full SRUI pipeline.
Better tracking performance in the noisy localisation input trials may have been observed if the
Kalman filter had been tuned with noisy data. In addition, the current implementation assumes
continuous detections and does not permit temporal gaps within tracks. In practice, imperfect
localisations are expected and means that MBs belonging to a track may be missing in one or
more frames. The Kalman filter could allow tracks without a detection to remain active for a
set number of frames by propagating predictions without updates. Further, the implemented
track rejection strategy simply removes tracks below a length threshold. While this improved
tracking precision, it resulted in removing a large number of short tracks and consequently a
non-negligible loss of information.

Several algorithmic assumptions further constrain the approach. The Kalman filter is based
on a linear motion model, which may not reflect true MB dynamics as they travel throughout
bending and branching vascular structure. The Kalman filter implementation applies a fixed
amount of Gaussian noise to the prediction and measurement processes which may not be an
accurate reflection of the true error.

A number of future research directions could be explored. Additional rejection criteria,
such as MB density or size continuity constraints, may further increase the accuracy of the
tracks which are reconstructed. Further post-processing steps such as re-tracking or linking
tracks together could also better recreate the true vascular structure from shorter segments. In
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addition, alternative evaluation metrics could be considered where the accuracy of full tracks
are assessed rather than just frame-to-frame pairings. Instead of implementing a grid search
approach for tuning the Kalman filter parameters, an adaptive or learning-based method where
an algorithm determines the optimal parameters from the data could be explored. This could
make the process more applicable to other datasets. The robustness of the method could be
tested by running the dataset in reverse order (i.e. from the last frame to first). In theory
the tracking results obtained should be the same, but it would be interesting to compare how
the results differ. Finally, future work should extend beyond synthetic data to in vivo datasets.
Three-dimensional tracking and incorporating estimations of uncertainty could make the method
more suitable for clinical applications. Exploring these avenues would help the robustness,
generalisability, and applicability of Kalman filter-based tracking for SRUI.
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Appendices

A Localisation Pipeline

This appendix aims to provide greater detail to the localisation pipeline as was described in
Section 4 and visualised in Figure 5. The localisation workflow follows the methods outlined
by Kanoulas et al. [27]. The MATLAB implementation of the code was provided by Dr George
Papageorgiou and team. The parameter tuning was performed by the author as part of the
localisation pipeline optimisation during this dissertation, as discussed in Section 4.3.

The pre-processing steps are applied to each frame independently. For each frame we start
with the raw image, a 512 × 512 sized grayscale image matrix of intensity values within the
range [0, 255] per pixel. The goal of the pre-processing steps is to isolate the MB signal from
the background and noise. At a high level, the raw image is transformed through brightness
adjustment, Haar-like feature filtering, uniform smoothing, after which candidate MB regions
are mapped and refined using watershed segmentation. The final output is a map for each frame
which are the same size of the original images and contain labelled regions of probable MB
locations. The following is a simplified example of such a map:

map =



1 1 0 0 0 0
1 1 0 3 3 3
0 0 0 3 3 3
2 2 0 0 4 4
2 2 2 0 4 4
2 2 2 4 4 4

 .

In this example, there are four detected MBs labelled within a 6 × 6 sized image, with zeroes
representing the regions the pre-processing has determined to be background or noise. The MB
segments do not need to be regularly shaped.

Next is the localisation stage, where we apply a centroid-based method [8]. The map output
of the pre-processing stage is applied as a mask to the original raw image to extract intensity
values of each detected MB. The centre of mass (COM) position of each segment is computed
using the intensity-weighted coordinates of the pixels:

xCOM =

∑N
i=1 Ii · xi∑N

i=1 Ii
, zCOM =

∑N
i=1 Ii · zi∑N

i=1 Ii
,

where N is the number of pixels in the segmented region, Ii and (xi, zi) represent the inten-
sity and coordinates of the i-th pixel in the region, respectively. The resulting coordinates,
(xCOM, zCOM), are used as the final localisation of the MB. This computation is repeated for
each labelled region in the map for every frame. In addition to the position, the mean intensity
and area (in pixels) of each segmented regions in every frame is recorded.

To summarise, we have for each frame a list of detected MBs, including their position,
intensity (normalised from 0-1), and size (in terms of area). To finalise the localisations, we apply
simple size and intensity thresholding criteria, with tuned parameters defined in Table 3. These
parameters were tuned iteratively and their performance was evaluated using the localisation
metrics (Section 4.2). Any detections outside the thresholds are discarded. The remaining
detections form the final set of localisations across all frames.

B Baseline Tracking Methods

This section describes the baseline tracking method implementations in greater detail, as men-
tioned in Section 5.2. These methods serve as the comparison to our proposed Kalman filter-
based implementation.

For both algorithms, CostMatrix is a pairwise Euclidean distance matrix between localisa-
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tions in frames k − 1 and k with size nTracks × nDetections, where nTracks is the number of
active tracks in frame k − 1 and nDetections is the number of detections in frame k. The out-
puts, M, uR, and uC follow the nomenclature presented in the documentation of the MATLAB
function matchpairs.m. M is a matrix where the ith row contains a pair of indices representing
an assignment from a track in frame k − 1 to a detection in frame k. uR is a list of unassigned
row indices, corresponding to tracks in frame k − 1. uC is a list of unassigned column indices,
corresponding to detections in frame k. These algorithms are applied across all frames and use
the M, uR, and uC to either append links to the respective tracks, end tracks, or start new
tracks. The velocity rejection (Section 5.6.1), short link rejection (Section 5.6.2), and short
track track rejection (Section 5.8.3) are applied in both methods.

Greedy Nearest Neighbour
Algorithm 1 presents the greedy nearest neighbour assignment strategy. A simple distance
threshold, as defined in Section 5.6.1, is first applied to invalidate implausible links. Each track
is sequentially linked to the closest available detection in the next frame. A one-to-one constraint
is enforced by setting the corresponding column to infinity in CostMatrix, preventing it from
being considered for subsequent tracks. This greedy implementation is based on local proximity
and not on global optimal assignment. This implementation is similar to that of [18, 33].

Algorithm 1 Greedy Nearest Neighbour Assignment

1: Input: CostMatrix, Lmax

2: Output: M, uR, uC
3: Set entries in CostMatrix greater than Lmax to ∞
4: (nTracks,nDetections)← size of CostMatrix
5: M← [ ] ▷ Initialise
6: assignedTracks← false(nTracks) ▷ Initialise
7: assignedDetections← false(nDetections) ▷ Initialise
8: for i = 1 to nTracks do
9: (minDist, j)← min

(
CostMatrix(i, :)

)
10: M← [M; (i, j)]
11: assignedTracks(i)← true
12: assignedDetections(j)← true
13: CostMatrix(:, j)←∞ ▷ One-to-one constraint
14: end for
15: uR ← [ i | i /∈ assignedTracks ]
16: uC ← [ j | j /∈ assignedDetections ]

Hungarian/Munkres Algorithm
Algorithm 2 presents the Hungarian/Munkres Algorithm assignment strategy. Again, the dis-
tance threshold as defined in Section 5.6.1 is applied to the cost matrix. The implementation uses
Yi Cao’s MATLAB function munkres.m [6], which applies the Munkres variation of the original
Hungarian method [35], with the additional ability to allow for partial assignments. Cao’s func-
tion, which is available on the MATLAB file exchange, was found to be more computationally
efficient than MATLAB’s built-in function assignmunkres.m. The output of munkres.m is a vec-
tor a of length nTracks, where a(i) is the index of the detection assigned to track i. If a(i) = 0,
track i is unassigned. From a, we construct the assignment matrix M and unassigned rows and
column lists. This method guarantees global optimal partial assignment. This implementation
is similar to the work of the Harvard Medical School Massachusetts General Hospital, whose
work is described in the ULTRA-SR challenge paper [29] and also utilises a wrapper of Cao’s
function.
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Algorithm 2 Hungarian/Munkres Algorithm Assignment

1: Input: CostMatrix, Lmax

2: Output: M, uR, uC
3: Set entries in CostMatrix greater than Lmax to ∞
4: a← munkres(CostMatrix) ▷ Apply Munkres assignment
5: assignedTracks← [ i | a(i) > 0 ]
6: assignedDetections← a(assignedTracks)
7: M← [ assignedTracks(:), assignedDetections(:) ]
8: uR ← [ i | i /∈ assignedTracks ]
9: uC ← [ j | j /∈ assignedDetections ]

Baseline Method Tracking Performance on SL-95
For comparison purposes, Table 16 summarises the performance of the final proposed Kalman
filter-based method (Section 6.1.6) and the two baseline methods when applied on the SL-95
dataset. This is distinct from the comparison shown in Table 8, where the methods were applied
on the ground truth localisations. The baseline methods do not perform strongly when noise is
introduced in the localisations. Figures 17 and 18 display the maps generated from the tracking
results of the baseline methods. They both show a higher track density than what is observed
for the Kalman implementation (Figure 15), but with increased noise from erroneous links in
the mean MB speed maps.

Tracking Metric Effective Localisation Metric
Method Precision (%) Recall (%) Jmap Precision (%) Recall (%)

Kalman Filter 82.66 81.15 0.1765 45.82 38.76
Nearest Neighbour 54.96 56.51 -0.5792 95.51 92.44
Hungarian Algorithm 46.46 47.64 -0.6721 94.98 94.87

Table 16: Tracking performance of the final Kalman filter-based method compared with baseline
methods (Nearest Neighbour and Hungarian algorithm) when applied to the SL-95 dataset.
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(a) Track density map.
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(b) Mean MB speed map.

Figure 17: Track density and velocity maps generated from tracking results of the Nearest
Neighbour method on the SL-95 dataset. (a) Number of tracks per pixel. (b) Mean MB speed
per pixel.
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(a) Track density map.
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(b) Mean MB speed map.

Figure 18: Track density and velocity maps generated from tracking results of the Hungarian
algorithm method on the SL-95 dataset. (a) Number of tracks per pixel. (b) Mean MB speed
per pixel.
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